¢ nenrpom C paguyca r — B OKPYIKHOCTE ¢ IeHTpoM C, pa-
— —
auyca | k | r, rae OC, = kOC. [lokaxure 3Tu YTBEDXKICHHAS
CaAMOCTOATEIBHO.
Ilepeiizem Temepr K 3amaue Jityepa.

3agaua Jiixepa

JJokazars, YTO B IPOM3BOJIBHOM TPEYTOJbHUKE:

1) Toukm, cuMMeTpudHbie TOYKe H mepece-
YeHHUsI BHICOT (MJIHM UX NOPOZOJIKEHUI) OTHOCUTEILHO
CTOPOH TPEYTOJILHHKA M MX CEPEeNUH, JIeKaT HA OIMCAH-
HOH OKPVKHOCTH;

2) cepeauHBI CTOPOH, OCHOBAHWA BLICOT M Ce-
PEOHHBI OTPE3KOB, COCANHAMINNX TouKy H ¢ BepuimHamu,
JIQKAT HA OJHOH OKPYIKHOCTH, LIEHTPOM KOTOPOMH ABJISAET-
csl cepeiHA OTPE3Ka, COeJUHAIIIEro TOUKy H ¢ meHTpoM
OIMCAHHONA OKPY'KHOCTH, & €6 Pagnyc B JBa pasa MeHbIIIe
paauyca OMHCAHHON OKPY)XKHOCTH (3Ta OKPY’KHOCTbL HA3BI-
BAETCHA OKPY)KHOCTBIO Oilepa);

3) TOuYKa mepeceueHHa MEeAMAH JISXKHT Ha OTPe3-
Ke, COeTUHSIOMIEM TOUKY H ¢ IeHTpOM OIMCcaHHON OKPYMKHO-
CTH, W JEIHT 3TOT OTPE30K B oTHomeHuHu 1 : 2, camras oT
IEeHTPA ONMMCAHHON OKPY’KHOCTH (IIpAMas, Ha KOTOPOH Jexar
yeTeipe TOUKH — TOuKa KH, TOuka IiepeceyeHns MeRHaH,
IEHTD OMHCAHHON OKPYKHOCTH K IEHTP OKPY:KHOCTH Jiie-
pa, HA3LIBaeTCH NpAMOHA Jityiepa);

4) TOYKM, CHMMETPHMUYHEIe [IeHTPY OIHCAHHOM
OKDPYKHOCTH OTHOCHUTENBLHO IPAMEIX, COAEDKAIMX CPeX-
HHPe JUHHU TPEYTOJNBHUKA, JeXKAaT Ha OKPYKHOCTH Jiixepa.

Pemenne

IIyerts ABC — paHHBIA TpeyroabHUK (puc. 217).
YcaoBumes o caepymouiux obosHaueHuAax: G — ToOUKa Ie-
peceueHus mMeauaH, O — UEHTP ONHCAHHOMH OKPYXKHOCTH,
R — ee paguyc, A,, B, u C, — cepenuust c¢ropon BC, CA
u AB, A,, B, u C, — ocHOBaHUs BBICOT, IIPOBeJEHHEIX
K 3THM CTOpOHaM, A;, B; u C; — cepeguHsl oTpe3kos AH,
BH uCH, A,, B, u C, — TOYKH, CHMMETPHYHLIE TOYKe H
OTHOCHTEJbHO CTODOH TpeyrojbHmuKa, A;, B, m C; — ToU-
KM, CHMMEeTPHUYHbIe ToOuKe I OTHOCUTEJIbHO CEpefHH 3THX
CTOpOH, Ag, Bg 1 Cy — TOUYKH, cHMMeTpHYHBIE TOUKe O OT-
HOCHTeJIbHO npamux B,C,, C;A, u A B, (Ha puUcyHKe OHH
He orMeueHEI). IIpueTyniuM Temeps K pellleHHIO 3aadi.

1) Ecaum oaun u3 yrjios tpeyronabuuxa ABC,
HaupuMep yron A, — npsamoi, to Touku H, B, u C,
COBIIAJAIOT ¢ TOYKOI A, Touka B, — ¢ Toukoii C, a To4-
ka C; —— ¢ Toukoii B. Ilockomsxy ZBA,C = 4ZBA,C =
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Cy
B
Cz 2 A4
A,
Cs €1 z 4 As
Oy
G
A
3 gt /O
-
-
= R
=
A B, B, ¢
B5 B4
Puc. 217

= ZA =90° 70 TourkM A, A, ¥ A; Je)KaT HA OKPYKHOCTH
¢ ruametrpoM BC (cMm. n. 88). Tarum o6pasoM, TOURHE A,,
A,, B,, B;, C,, C; smexxaT Ha OKDY>KHOCTH, OIMCAHHOMN
0Ko0J0 TpeyroasHuka ABC.

HonyeTum, 4ro TpeyroatsHuK A BC He ABIAETCA
npamoyronbabIM. Ilockonbky LABH = ZAC,H = 90°, To
Touku B, u C, sexar Ha OKPYXHOCTH ¢ amameTpom AH
(cm. m. 88). CremoBarenpHO, BIHCAHHBIE MO OTHOIIEHUIO
K aT0# okpy:moctu yrael B,AC, u B,HC,, a 3uauur, n
yrusl BAC u BHC, nu6o paBHEI, U060 COCTABJSIOT B CyMMe
180°. X B Tom, 1 B gpyroM ciayuae sin ZBHC = sin Z/BAC.
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IIyers R, — paauyc OKPYKHOCTH, OIIMCAHHOH
oxono Tpeyroabauka HBC. B cooTrBereTBHU C TeopeMoii 2 U3
1. 92 BC = 2R, sin Z/BHC = 2R sin ZBAC. Ho sin ZBHC =
=sin ZBAC. 3uaunr, R; = R. WUs »3toro ciaegyer, 4TO
OKDYJKHOCTH, OINHCAHHLBIE OKOJO TPEYroAbHUKOB ABC u
HBC, cuMMeTpPHYHHBI OTHOCHTEJNBHO upsamoit BC u orHOCH-
TeJbHO cepeluHbl oTpeska BC. Touka H JexuT Ha OKPYX-
HOCTH, ONHMCAHHON O0K0J0 Tpeyroidbuumxa HBC. Cuenora-
TeJbHO, CHMMETPHYHLIE el TOUKHM A, M A, JIeJKaT Ha
OKPY’KHOCTH, OIKCAHHOMN OKOJIO TpeyroabHuKra ABC. AHa-
JIOTUYHO JOKA3EIBAETCA, YTO TOYKH B,, B;, C, u C; Taxxe
JIeXKaT Ha BTOM OKPYKHOCTH.

2) PaccMoTpHMM LieHTPaJibHOE Mofgodue ¢ IMeHT-
poMm H u KoadpdunuenToM % TIpu 2TOoM momo6uu onucaH-

Hafd OKPY/KHOCTh IEPEXOAHT B OKDYyKHOCTH pajmyca g,

nenTp Oy KOTOPO# ABAAeTCA cepeguuoil oTpesaka OH (cM.
puc. 217), a Touxu 4, B, Cs, A,, B,, C,, A, B, C onucan-
HOM OKDYXXHOCTH IEPeXOAAT COOTBETCTBEHHO B TOUKH A,
B,, C; (cepeguubl cTOpOH), A, B, u C, (ocHOBaHuA BHI-
cot), Az, B; u C, (cepenunsl orpeskos AH, BH, CH). Cae-
JoBaTenbHO, TOUKH 4,, B, C, A,, B,, C,, A;, B;, C; aexar

Ha OKDPYKHOCTH c ueHtpom Oy pazuyca % Yreepxk-

JeHWe IOKAa3aHO.
3) PaccMoTpuM Temephb LEeHTpaibHOE Iomobue

¢ neuTpoM G u Ko3hGHUIUEHTOM — % MennaHbl TPeyroab-

Hura ABC geasTtcda Toukod G B orHolmeHuH 1 : 2, mosToMy
IPH PacCMATPUBAEMOM LEHTPAJIBLHOM HOAOONU BEPITUHLL
A, B n C mepeitayT B cepeguaki A,, B, u C, nporuBono-
JOKHBIX cTOpoH. ClemoBaTenbHO, HIPAMEBIE, COAEPIKALINE
BBICOTHI TPEYTOJBHUKA, IEePEUYT B IPAMEIE, IePHeHAUKY~
JAPHLIE K €r0 CTOPOHAM M IPOXOJAIINE Uepes HX cepeau-
HBEI, T. €. B CepeJMHHEIe NEPHeHIUKYJIAPH K CTOpPOHAM.
IToaTomy Touka H nepeiizer B nesHTp O OIUCAHHOHA OKPYHK-
HOCTH. JTO 03HAYAET, UTO TOYKa G JeKHUT Ha oTpeske OH
M JeJHuT ero B oTHomieHHu 1 : 2, cuuraa or Touku O, UTO
¥ TpeboBAJIOCH AOKA3aTh.

4) KakK TOJBKO 4YTO OTMEYAJIOCh, MPU IIEHT-

pajbHOM NOAO6HHU ¢ meHTpoM G ¥ KOIQPUIHEHTOM — 5

BepmuHEl A, B u C mepexomar B cepeawusl A;, B, u C,
IIPOTUBOIOJIOKHLIX CTOPOH, 4 TOYKa H mepexoiuT B TOU-
Ky O. W3 aroro crmexyer, 4To: a) OKPYsKHOCTh, OINMCAH-
Has OKOJIO TpeyroabHuKa ABC, IepexXoguT B OKPYKHOCTE
diinepa; 6) Touxu A,, B, n C, onMCcaHHOH OKPYYKHOCTH,
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cumMeTpuuBble ToukKe H otHOocHTensHo npamex BC, CA.
u AB, mepexojaT B TOUKHU Ag, Bg u Cy OKpysRHOCTH Jiije-
pa, cuMMeTpUYHble ToUuke O oTHOCHTeNbHO NpAMEX B,C,,
C\A, u A,B,. Takuwm 06pasoM, TOukH Ag, By 1 C, JIeKaT Ha
OKDPYJKHOCTH Ditlepa.

836

837

838

839

840

841

842
843
844

845

3agaun

Ha cropone BC Ttpeyroabunxa ABC orMedeHa Touka D Tak, 4To
BD : AB = DC : AC. [lokaxnTe, uT0 0Tpe30oK AD — OuccexTpuca Tpe-
yroasuuka ABC.

Buccexrpuca Bremmnero yria npu BepiunHe A Tpeyroaepnuka ABC me-
pecekaeT npamyoo BC B Touke D, Jokamxure, yro BD : AB = DC : AC,
Buccextpucet AA,, BB, u CC, tpeyroasEuka ABC co cropoHamMu
AB =c¢, BC = a u CA = b nepecexkatorca B Touke O. a) Hafinure orHO-

AQ B0 co 6) Hdokaxure, UTO A0 BO , CO _

. + — = =
0A,’ OB,’ 0C, AA, BB, CC, ’
OA, OB, OC

1 _
a4, BB, + e, = 1. B) Mo:xer a1 xora 06l 0gHa U3 OHCCEKTPHUC Tpe-
YroJBHUKA JeNUThea TOukoil O momosam? r) Joxakure, 4To ofHa U3
61cceKTPHC feauTCcA TOYKO0M O B oTHOHmIeHUH 2 : 1, cunTas OT BepIIu-
HEI, TOTAA U TOJABKO TOTHA2, KOTJa OfHA K3 CTOPOH TPEYroJLHHKA DABHA
IOJyCYyMMe IBYX APYIHX CTOPOH.
HJokamxure, 4TO IPOoN3BeJeHUE ABYX CTOPOH TPEYyrojJIEHHUKA PABHO IPO-
M3BeJEHUIO0 BLICOTEI, IPOBEJIEHHON K TpeThbell CTOPOHE, HA AUAMETP
ONMCAHHOH OKPYXKHOCTH.
Bryrpu tpeyronsnmka ABC BzaTa rouka M. [oraKHTe, 9TO MIOIIALHM
TpeyroabHUKOB BAM u BCM paBHBI TOTAA U TOJBKO TOT'La, KOTAA TOY-
xa M nexur Ha MeamaHe TpeyroabHuKa ABC, nposeaeHHON U3 Bep-
mueELl B.
JdoxaxknTe, 4TO U3 MeJVaH AAaHHOTO TPEYIrOJbHHUKA MOKHO IIOCTPOUTH
TPEeyroJbHUK, ¥ HANAUTE OTHOIIEHHE ero IJIOINAAN K IIJIOLIAAHA HaHHO-
TO TpeyroJbHUKA.
Hafianre niaomans TpeyroJbHHAKA, €CAM €r0 BRICOTLHI PABHEI 3 CM, 4 ¢M
u 6 cm.
Haigure niommags TpeyroJbHUKA, €CJAH €Tr0o MeJWaHbl paBHBI 9 cM,
12 cMm m 15 cm.
OKpy’>XHOCTH, BOMcaHHAA B TpeyroabHUK ABC, racaeTcsa ero cTOpoH
B Toukax L, M n N. [lorkaskuTe, UTO OTHOIIEHHE IJIOMMAAY TPEYTroJb-
HuKa LMN K naomand TpeyroabHuKa A BC paBHO OTHOIIEHHIO PagHY-
Ca OKPY*KHOCTHM, BOIHCAHHOM B TpeyroabHuK ABC, K ZHaMeTpy OKPYX-
HOCTH, OINMCAHHO OKOJIO 5TOT0 TPEeyroJLHUKA.
OKDpY:KHOCTh, KacamoinaacAd CTOPOHBI TPEYTOJLHHKA H TIPOAOIKEHUMN
IBYX JOPYTMX CTODOH, HAa3hIBaeTCA BHEBIHCAHHOH. JIOKa'KmHTe, YTO:
a) mromagk S TpeyrojabHuka ABC Bripamaerca ¢opmysoit S =
=r,(p — a), The r, — pagUyC BHEBIIMCAHHON OKPYKHOCTH, Kacawineica

fls hetofieie el st
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846

847

848

849

850

cropouH BC = a, p — moJynepuMeTp TpeyroJib-
. - 1 1 1 _1
HuKa; 6) S=.rrnr., _+E+— =2, rge

Ty r r
r — pagmyc OKPYKHOCTH, BnncaH;{oﬁ B Tpe-
YTOJIBHHUK, Iy, Ty, T, — PAJAYCHI BHEBIUCAHHEBIX
OKPYIKHOCTEH.
Joxaxkure, 4TO NIOMIAAb S BBLIIYKJIOTO UeThI-
pexXyroJbHMKaA CO CTOpoHamu a, b, ¢, d u no-
JYNEepUMETPOM P BoIpaxkaercs (QopMyJIoH
S=r,p-a)+r.(p-c), TAC I, U T, — PAAHY-
CBHl BHEBIHUCAHHBIX OKDPYKHOCTEH, KACAIOIIUX-
cs CTOPOH, PaBHBIX @ u ¢ (puc. 218).
HOokaxure, uTo: a) KBaApar miaomagu S
BBRINIYKJIOTO YeTHIPeXyrOJbHHKA CO CTOPOHAMHK
a, b, ¢, d u monynmepuMeTpoM p BBIpayKaeTCA
dopmynoit S*=(P-a)(p-b)(p-c)(p-d) -
- abed cos? B;D; 6) numomage S BIMCAHHOTO Prc. 218
YeThIpEXYrOJbHUKA BRIDaMkaeTca (Gopmyaoun
S = \/(p -a)(p—-b)(p—c)(p~-d); ucxoga us aToii GoOpMynbl, IOTYIHUTE

dopmyay I'epoHa ana miaomazy TPeyroJabHHKA.
JlokaxxuTe, 4TO: a) MJIOHIAAL S UETHIPEXYIOJbHUKA CO CTOPDOHAMH a,
b, ¢, d, OMUCAHHOIO OKOJIO OKPY'KHOCTH, Bbipaykaerca dopmynaon S =

= «abed sin B;D ; 0) ecaM 4YeTBHIPEXYTOJBHUK CO CTOpOHaMu a, b, ¢, d

SIBJISIETCS OJHOBPEMEHHO OIIMCAHHEIM M BIIMCAHHLIM, TC €0 ILIOLIAAEL S
BeIipa)xaercsa ¢opmyioi S = Jabed.

Orpesxku AD, AH u AM — GucceKTpuca, BLICOTa U MeJHAHA TPEYTroJIb-
HuKa ABC, BOHCAHHASA B TPEYTOJBLHUK OKPYIXHOCTH KACAETCH CTOPOHBI
BC B 1oure K. lokaxure, yto MK? =MD - MH.

B rpeyroasauke ABC co croponaMn AB=¢, BC=auCA=b ruR —
PAZMYCHl BITUCAHHON M ONMCAHHOH OKDPYIKHOCTEH, S — ILIOMaAb, TOU-
Ka O — IeHTP ONUCAHHOM OKPYXHOCTH, H — TOUYKa nepecedeHHUs BhI-
cot, orpesku AD u AM — BrlcoTa ¥ MeguaHa. JJoxkaKure, 4TO!

a) a + b =4Rsin A;B cos lA;B|; 6) |a-b|=4Rcos A;B sin 1A;Bi;

1
tg-|A-B
ja-b| _ 'B5l47581

a+b tg%(A+B)

2_p2
r) £ cb =a cos B - b cos A;

B)

) a+b+c=8Rcos-‘§—cos§cosg;

e) cos? A =sin® B + cos? C - 2 sin A sin B cos C;
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B_. C

1

A B c a sin— sin—=

#K) r=4R sin £ sin £ sin X3 8) r= ;
2 2 2 A
COS-E-

) AH=ﬁ(b2+c2—a2);R) OH?=9R?*-a’-b* - % n) DM =

§

Teopemsl Menenas u YeBbr

[pZ2—c2|
2a

95 Teopema MeHenas

Paccmorpum TpeyroasHuk ABC M oTMeTHM Ha
npamux AB, BC u CA tourn C,, A,, B;, He coBnajgarmIue

¢ ero BepmuHamMm (puc. 219). Ilycrts ﬁ =pC_1—§, Jztl’l =

— ——

= gA,C, CB, = rB,;A. Tlockonbky Touku C,, A,, B, He coBma-
IAlOT ¢ BepIIHHAMHU TpeyroabHurka ABC, To yucaa p, ¢, r
OTJHMYHBI OT HyAsA. Kpome TOro, Kakzoe M3 aTHX 4MCeJs OT-
auuao oT —1. B camom pene, ecixm, Hanpumep, p =—1, To
— — — — — -

AC, =-CB, orryza AC, + C;B=AB =0, T. e. BepuIuHB A
U B coBHAJaioT, a 3TO NMPOTHBOPEUMT YCJIOBHUIO.

ITocrasuM Temepb TaKOM BONPOC: IPH KaKOM

. COOTHOLIeHUH MeXAy uuciIaMu p, ¢, r Touku C,, A,, B,
Jlexar Ha omHOH mpaMoit? OTBeT Ha 3TOT BOIIPOC JAaeT Teo-
peMa, ¢cBA3aHHaA ¢ nMeHeM MeHemada AnexcaHIAPUHCKOTO,

IPEBHErPEUECKOr0 MAaTEeMATHKA M ACTPOHOMA, KHBIIIETO
B I B. H. 3.

Teopema

S P R A R BRI R A B DR e

l'ch'rL HA CTOPOHAX MJIH IPOJONAEeHUAX cTopon AB, BC u
CA tpeyroasauxa ABC ormeuenn Toukm C,, Al, Bl, HE

COBIAjlaloNIMe € €ro BepIHHAMHN, HpPHYEM ACl
— —_— — —_—

BA,=qA,C, CB, = rB,A. Toraa ecau Touxku C,, A;, B, ne-
JKAT HA OHOH npamoil, To pqr=-1; o6paTHO: ecau
pgqr =-1, To Touxkn C,, A,, B, aexaTr Ha OFHOIl NMpPAMOI,

pCB

JdoKa3aTelLCTBO

1) Homyctum cHavana, 9To Touku Cy, A;, B,
JexaT Ha OZHOM NPAMOM, W JOKayKeM, 4TO pgr = -—1.
BeeneM NIpAMOYroibHYI0 cuctemMy kKoopauHart Oxy Tak,
yro6el TOukHu C,, A,, B, aexanxu Ha ocu Oy (puc. 220).
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Ilycte a, b 1 ¢ — abcmuccel Touex A, Bu C. Hs pa-
BeHCTRA /I(—Z)l = pCTl-B caenyer, uto 0—a=p (b — 0), T. e.
a =—pb. AwvanoruyHEmM o00pa3oM u3 pPaBEHCTB BXl =
= qu—a u C_B: = rB,—Z noaydyaeM: b=-gc u ¢ =-ra.
Taxkum o6pazoM, a = —pb = pgc = —pqra, wiu a (pgr + 1) =0,
nosromy ambo a =0, aumbo pgr=-~1. Ecam a=0, T0O
c=-ra=0ub=-gc=0, 1. e. Touku A, B u C mexar
Ha ofHoH mpamoii (ocu Oy), a 3TO NPOTUBODPEUUT
yenosuto, CuaegoBarensHo, pgr =-1, 4ro u TpeboBa-
JIOCE ZOKA34Th.

2) HMomycTum Telepsb, 4To pqr = -1, U joKa-
sKeM, 9To Touku C,, A,, B, 1exar Ha ofHOH npaMoii. Bee-
IeM IPAMOYTOJBLHYIO CHCTEMY KoopiumeaT OXy Tak, 4TO-
681 Touku C; m A, gexanu Ha ocu Oy (cm. pume. 220).
IIycTh, KakK U upexne, a, b n1 ¢ — abcouecol TOqu A, B

u C x — a6cuncca Touxku B,. I3 paBeHCTB AC1 = pClB
u BA qA C, Xak MBI BUJENIH, CIELYyeT, 4TO a = —pb
u b = —qc. Takum obpasom, a = pgc. I3 paBencrsa C—Bj =

—

= rB,A cnepyer, uTo x — ¢ = r (a — x)., YMHOKaA obe yac-
TH 5TOr0 PaBEHCTBA Ha pg U YYUTBIBAA, 4UTO pgr = -1,
pgc = a, noaydaeM: pgx —a=-a + x, unu (pq — 1)x =0
Ecniu pg=1, ro u3 paseHcTBa pqr =-1 caeayer, 4To
r=-1, a 3TOr0, KaK OTMEYaJOCh B Hadale IYHKTa, He

MoxeT OvITh. Taxkum obpasom, pq = 1, a smaumr, x = 0.
CrenoBatenbHo, Touku C;, A, B, nexxar Ha omZHOU 1pdA-
moii (ocu Oy). Teopema moxasaHa.

96 Teopema Yersr

BuoBs paccMoTpum TpeyroabHuUK ABC u or-
MeTuM Ha npameix AB, BC u CA Touxn C,, A,, B,, He coB-
mafaouiue ¢ _ero BepmHHaMH (CM. puc. 219). Ilycrs
AC1 —pC B, BA1 qA C, CB = rBlA Ilpu atom p, ¢,
rz0up, q, r#-1(cm. n. 95). ITocraBuM Takoil Bonpoc:
IIpY KaKOM COOTHOLIEHWMH MEKAY YHUCJIaMU p, ¢ ¥ r Opd-
meie AA,, BB, u CC; nepecekaiorca B ofHOI TouKe? OTBET
Ha 9TOT BOIIPOC AAeT TeopeMa, CBA3aHHAA C KMEHEM HTa-

JBAHCKOroO MareMaTHka H HHXeHepa I[)KOB&HHI/I YeBbI
(1648—1734).
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Teopema

VE A T R . - . Pt

IIyers Ha c'roponax HIH OPOJOJIKEHHAX CTOPOH AB BC
u CA tpeyroasenka ABC ormMedeHBI TOYKH Cv__én Bl,__>ne

COBNAJAIOMME C ero BepMIMHAMH, NpHYEM AC, = pC,B,
BA1 qAIC CB1 = rB,A Toraa ecnn mpamsie AA,, BB,
CC, nepecekaloTcd B OXHOH TOUKe MIM NMONApHO Hapal-
AenpHBl, TO pgr=1; o6paTHo: ecim pqr =1, TO NpamMbBIe
AA,, BB,, CC, nepecexaloTca B OJJHOH TOYKEe MJIH Ionap-
HO Hapallie/IbHBL,

Joka3aTeiibCTBO

1) HJomycruM cHauana, 4To mpsimble AA,, BB,
u CC, nepecekaioTcs B HeKOTopoil Touke O (puc. 221, a, 6).
Yenosnmest oGosHauars uepes S (L, M, N) nioimajge Tpe-
yronesHuKa LMN, B3STYIO CO 3HAKOM «+», eciu 00xol Bep-
mun L, M, N ocymecTBasdeTcsa MPOTHE YACOBOM CTPeNKH, U
CO 3HAKOM «—» — B npo'rnnono.noxcnom cayuae. IToCKOIBKY

S(A,B,A,) S(O,B
Sa.a,0 ¢ m g (oBocHyiiTe 3TH pPaBEeHCTBA),

T0S (A, B, A)=¢S (4, A, C)u S (O, B,A)) =4S (O, A, C).
CiemoBarensHo,

S (Av B, O) . S (Av B’ Al) - S (O! Bv Al) _
S, 0,C S 4,C-S(0,4,0

S(4,4,,C)-5(0,4,,0)

S(A,4,0-8(0,4,,0)

S(A,B,0) S(B,C,0)
WUrak, g = 5400 AHajOruuHEo r = (B0 ) .
ap=23C4,0) moemuoxkas o™i paBeHcTBa U 3amedad, uto ¥ Ao C1
p= S(C,0,B)" pe p >
S (A4,B,0)=S8(B,0,4), SA4,0,C) =
=8(C,A,0), S(B,C,0)=S(C, O, B), * ‘A
IoJy4aeM:
. S(C,A4,0) S(B,0,4) S(C,0,B) _
PIT = 5¢,0.B) S(C.4,0) S(B,0,4) c
¢ |A1 ||
uTO M TPeGOBAJIOCH AOKA3ATH. |B I I
TTonycTuM remeps, uTo mpamseie AA,, BB, u CC, : : }
IOHAPHO NapajjelbHbl. BBeeM NpPsSMOYroJbHYIO CHCTEMY * I 1
xoopaunar Oxy Tak, 4To6b ock Oy Oblla HapalielbHa & ;7 5 é >

npamoii AA,. IIyers a — aberpcca Touek A m A;, b — abe-
mucea Touexk B u B,, ¢ — abcuucca Touek C u C, (puc. 222).  pyc, 222

Heiomopaa cococtig
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W3 paBeHCTB AE)I = p(fﬁ, BA, = qA,C u CB, = rB,A cneny-
er, 40 (c—a)=p(b-c¢), (a-b)y=qgql(c-a) m (b—-c)=
=r(a->b). YaureBag, uro ¢c# b, ¢c#a u a+#b (unaue
rouku A, B 1 C okazajauch 6bl JeKaIIUMMU HA IIPAMOIH,

. c—-a a-b
napajtenbHoit ocm Oy), moaydaem: p =

b-c
[4 _ a a- b b-
—5> W, CIeOBATENBHO, Pqr = o —
u TpeboBasoch NOKA3ATE.

2) HonyeruMm Teneps, uTo pgr = 1, B ZOKaXeM,
uro npamsie AA,, BB, u CC, nepecexkaioTca B OHOI TOUKe,
WJIHA TIONAapHO NapaJjieIbHEL,

Ecnu Hukakne aBe B3 TPeX YKA3AHHEBIX IPAMBIX
He HMEeIT O0IIMX TOYEeK, TO OHH MHOIAapHO MapaJIe/IbHbI.

Ecnu ke kakue-HUGYAL ABe U3 HUX, HATpUMEp
npambie AA, u BB,, nepecexkanoTca B HEKOTOPoi Touke O,
To noctynuMm Tak. 1Ipoeegem mpamyio CO (cMm. pume. 221).
Tockonsky pgr=1 um p # -1, TO, COINIACHO AOKA3aHHOMY
B IOYHKTe 1,

S(A,B,0) S(B,C,0) S(B,C,0) _ S(B C,0)

=54 0,0) 5(B.0.4) S(4 00 S@acoy” b

re c-
a b-

noatomy S (B, C, O) # S (4, C, O). U3 »TOrO CAeAyeT, 4To
npamuie CO u AB He mapaJjlieJbHBI (06'bacnm'e moueMy).

IIycrs C, — TOUK& UX TIepeceyeHHs, AC2 = tCzB Tak KayK
npameie AA,, BB, n CC, nepeceKalTcs B OJIHOH TOYKE, TO,

o ,uorcasaHHomy B 1) tqr =1, o'mcyna t= ql= p. Taxkum

o0pazom, AC1 = pC Bmu AC2 pCzB er{nfraa OZHO PABEH-
CTBO M3 APYroro, mofxydaem: AC, - AC1 =p (CZB CIB),
WK C 1Cs=-pCiCy, T.e. (p+1) 0102 = 0 YuuTEIBasfg, 4TO

p # -1, IpUXoA¥M K DaBEHCTBY C 1Ca = 0. CregoBaTeabHO,
rouku C, n C, coBmagaior. Ho aTo u o3Hagaer, 4TO mps-
muie AA,, BB, u CC, nepecerarTcs B OZHOH TOUKe (B TOU-
ke O). Teopema nokasaHa.

3anaun

851 Orpe3skn AA, mw BB, — GucceKTpuch TpeyroasHuka ABC, nyu
CC, — OucceKTpHUCa €r0 BHEIIHETO yrja, npuuyeM Touka C, JEXKHUT HA
npamoii AB. Jlorkaxxurte, 4TO TOYKH A,;, B, m C, jexar Ha OZHOII
IPAMOH.

852 DBuccekTpuchl BHemHNX yrioB A, B u C Tpeyroasauka A BC nepeceka-
10T TIPONOJIKEHUA IPOTHBOIOJOMKHBIX CTOPOH B TOYKax A,;, B, u C,.
JoxaxxuTe, 4To Touku A,;, B; u C, nexaT Ha OZHOIl NPAMOMH.

Hevomopiic cacdeion
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861

Ha croponax BC, CA u AB tpeyroanuauka ABC nin uX NPOAOJLKEHUAX
OTMeUeHbl COQOTBETCTBEHHO TOUKM A, B, u C,, nexaliime Ha 0fHOI Opsa-
moit. [oxaxure, uTo TOUKU A,, B, n C,, CHMMeTPHUYHEEe COOTBETCTBEH-
HO ToukKaM A,, B, u C, orHocHTeJqbHO cepeguH cTopoH BC, CA u AB,
TaK)Ke JIeXKAT HAa OJZHOM HPAMOIL.

Joxaxure, 4TO cepeiMHbl OCHOBAHWM TPANENWU, TOYKA HepecedyeHusd
ee OMAaTOHaJNeH M TOYKA IepeCeYeHHA MPOAOJIKeHUINl GOKOBBIX CTOPOH
Jie)KaT Ha OJHOHN IIPSIMOH.

Ha croponax AB, BC, CD u DA udersipexyroabiuka A BCD oTMeueHH
coorsercTBeHHO TOUKM K, L, M m N, He cOBIAafamwmue ¢ BePIINHAMHA
yeTpIpexyroapuuka. Joxkamure, uro: a) npamele KL, MN u AC nepe-
ceKaloTcA B OZHOM TOUKe WM NapajelbHBl APYT APYTLY TOTAA M TOJb-
KO TOrga, Korja %‘%-%-% =1; 6) ompameie KL, MN u AC nepe-
CeKalTCsa B OLHOM TOUKe MJIM MMApAJIENbHE APYT APYLY TOTAA M TOJb-
KO TOTJa, KOTAa 3TO 7K€ BEPHO B oTHoIIeHnU npaMbiXx KN, LM u BD.
OKpY’KHOCTh, BOIMCAHHAS B 4YeTHIpeXyroJbHHUK ABCD, Kacaercda CTO-
pou AB, BC, CD u DA cooTBeTcTBeHHO B Toukax P, @, R u S. Iloka-
xurte, uro npameie PQ, RS u AC mepecekamTcia B OFHOM TOYKE HJH
napajjeJbHsl APYT APVYTY.

OKpyxHOCTb ¢ meHTpoM O KacaeTcA OBYX HEPaBHLIX OKPY’KHOCTeH
¢ nenrpamu O, u O, B Toukax A, u A, coorBercTBetHo. Jflokakure, 4To
npaMaa A,A, OPOXOZHUT Uepe3 TOYKY mepeceueHusa npamoii 0,0, u 06-
mieil KacaTeJbHOHN (BHeITHEH WM BHYTPeHHEH) K OKPYKHOCTAM C II€HT-
pamu O; u O,.

Tpeyroapuuru ABC un A;B,C, pacnoJIO/KeHLl TaK, YTO NpaMbie AB u
A,B,, BC u B,C,, CA u C,A, iepeceraiorca B Toukax P, @, R. [Toxaxku-
Te, uTO npameie AA,, BB, u CC, nepeceKaioTcd B OJHON TOYKE UJIH IIO-
TAPHO MapaJilieJI-HBL TOMAAa B TOJALKO TOTAa, KOrZa TOukE P, @ u R je-
KaT Ha oxHou mpaAmoil (Teopema llesapra).

Ha ctopoue BC Tpeyroabuuka A BC oTMeueHbI TOYKH A; 1 A,;, CHMMeT-
PHUYHBIE OTHOCUTEILHO cepeanunl BC, a Ha cTropoHax AC u AB oTMeue-
HEI COOTBETCTBEHHO Touku B, B, u C,, C,, CHMMeTpHYHEIEe OTHOCHTEJIb-
HO CepeauH aTuX crTopoH. JlokaxkmuTe, uro oTpesku AA,, BB, u CC,
[epeceKaloTCs B OJHOHM TOUKE TOrJa M TOJBKO TOTXA, KOrJa OTPEe3KH
AA,, BB, u CC, nepecekaloTci B OJHOIl TOUKe.

OxpysxHOCTH IepecekaeT cTopoHy BC TpeyronbEuKa ABC B Toukax A,
u A,, cropouny AC — B Tourkax B; u B,, cropony AB — B Toukax C,
u C,. Joxkaxkure, uto orpe3ku AA,, BB, n CC, nepecekaiOTca B OLHOI
TOYKE TOTJA M TOJABKO TOrJa, KOTga oTpesxu AA,, BB, u CC, nepeceka-
I0TCA B OJHOU TOdYKe.

Ha cropone AC Tpeyroanauka ABC ormeueHbl TOuku P u E, a Ha cro-
poe BC — touku M u K, npuuem AP : PE : EC=CK : KM : MB.
Otpeaku AM u BP mepecexaioTca B Touke O, a orpe3akun AK u BE —
B rouke T. [JoraskuTe, uro Touku O, T u C JexaT HA OJHOH IPAMOIL.

2 1 O Ilexomopwte ceedenus
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862 Ha croponax AB, BC u CA tpeyroapuuka A BC (ir6o Ha ogHOR uU3 cTO-
POH ¥ MPOAOJAEHUAX JBYX APYIUMX CTOPOH) OTMEUEHBI COOTBETCTBEHHO
touku C,, A, u B,. loraxure, uro npsameie AA,, BB, u CC, mepeceka-
IOTCS B OHOM TOYKE TOrAa M TOJIBKO TOTZa, KOTJa:

sin ZACC, sin/ZBAA; sin ZCBB,
sin ZC,CB sin ZA; AC sin/ZB;BA

a) =1

0) ana axo6oi Toukn O, He nexanied ma npameix AB, BC u CA, BhI-

sin ZAOC; sin ZBOA, sin ZCOB,

IIOJIHAeTCA DaBEHCTBO

sin ZC;0B sinZA,OC sinZB,0A

=1

§ Jdanunce, runepboaa u napadoaa

97 Danunc

JIIUINC, TO-BUAMMOMY, OBLJI HM3BEeCTEH eIlle
B ITyOOKO#M ApeBHOCTH, KOTAA OOJIMK reOMeTPHH COOTBET-
CTBOBAJI JOCJOBHOMY IMepPeBOJY ee HaszBaHuda. B Te Bpemena
OCHOBHBIMM MHCTPYMEHTAMH IJd BBINOJHEHMA ITOCTPOE-
HUI HAa MEeCTHOCTH OBUIH KOJIbA U BEPEBKH, IIO3BOJIABIINE
OPOBOAUTL IPAMEBIE M OKDPYXHOCTH, 4 3HAYHT, X BEINOJ-
HATH BCE T€ IOCTPOEHUS, KOTOPHIE TENeph HA3LIBAIOT II0-
CTPOEHUSAMHU C IOMOINBLIO IHPKYJIA M JUHEHKH.

ScHO, KaK ¢ NOMOMIBI0 YKA3aHHBIX HHCTDY-
MEHTOB NOCTPOHUTEL OKPYKHOCTL! HYXHO 3aKPEIUTh OJHH
U3 KOHIIOB BePEBKH M B HATIHYTOM COCTOAHUM NTPOUYEPTHUTD
BTOPHIM KOHIIOM JMHMIO. HalpalumpBaeTcs BONPOC: & 4TO
HOJYYUTCH, €CIH 3aKpenuTh 00a KOHIIA HEHATSHYTOH Be-
DPEeBKH, a 3aTeM B HATAHYTOM COCTOAHHHM NPOYEPTHTHL JIH-
Huio? Ilonyuurcs sanunc. Tarum 06pasoM, MBI TPUXOAUM
K CJIeIYIOIEeMY OIIpeIesIeHUIO,

Onpenenenne

DIIHIICOM HA3bIBAETCA MHOJKECTBO BCEX TAKMX TOYEeK NJIOCKOCTH, A
KOTOPLIX CYyMM4a PACCTOSHUI 0 JBYX (PMKCUPOBAHHLIX TOUEK MOCTOSHHA.

DdurcupoBamHEIe TOUKK HA3HIBAOTCA (PoKyca-
MH 3JIJIMIICA.

IIyers 2¢ — paccrosHme Mexay Gokycamu,
2a — cymMMa paccTOAHMM OT TOYKHM aJuIica A0 HOKYCOB.
BeezeM nOpAMOYToabpHYIO cucTemMy KoopauHart Oxy Tax,
uyToOE GoKycsl F, um F, umenum woopauHatel F, (-c; 0)
u F,(¢; 0) (puc. 223), u BHIBeJAeM YypABHEHHE JJLJIHICA
B 9TO# cucreMe KoopauHaTt. CToAIIYIO mepel HAMU 3aZady
MOYKHO C(hOPMYyJIMPOBATHL TAK: HAMTH MHOMKECTBO BCEX Ta-
kux rouexk M (x; y), AIA KOTOPHIX

MF, + MF, = 2a.
211
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M(x;y)

Fi(—c;0) O] Fy(c;0) x

Pue. 223
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As HepaBeHCTBa TpPEYroJibHHKa cJjJeayer, 4UTO .

MF, + MF, 2 F,F,, 1. e. a 2 c¢. lIpu a = ¢ a/LIUIC BBIPOXK-
zaeTcA B OTpe3ok F,F,, mosromy OyzeM cuuTarb, 4TO @ > C.

Iockoneky MF, = J(x+c)? +y%, MF, =\/(x—c)2 +y%, 10

YPaBpHeHHue 3JLIHUICca uMeeT BU/J

Jx+e) + 42 + J(x—c)? + 4% = 2a. a)

VmHuOxHUM 00e YacTH 3TOre paBeHCTBA Ha pas-
HOCTEb QUTYPHPYOIIKX B HEM KOpPHEH, a 3aTeM pasAesiuM Ha
2a. B peaynbraTe moJyduM:

\/(x+c)2 +y? —\/(x——c)2 +y?= élg((x-rc)z —(x-¢))) = 2%.

Ilonpsysicy saTMM ypaBHEeHHMEM H YpaBHEHUEM
(1), MOKHO BBIPA3HTHh KaKAbBIA W3 KODHEH:

J(x+e)? +y? =a+%, (2)
J{x—=c)? +y? =a—%. 3

Boasensa obe uacTu paBeHCTBa (2) B KBazpar
¥ OpuBeAd NoA00HBIE YJIEHBI, MOJYUUM:

x2+c2+y2=a2+5;x2. 4
a

BosBeznenue B kBagpaT obemx yacreit paBeHCT-
Ba (3) maer TOT Ke pe3yJabTaT.
3anonmeM ypaBHeHue (4) B BHIe

2_,2
8 ryf=at - A
a 2
TIoCKOMBKY a#C, TO IOJYHeHHOE DPAaBEHCTBO
MOXXHO HIepeiincaTh Tak:

2, ¥ _y (5)

a?

&

rae b2 =a’ - c? < a’.

Ilpu BosBemeHMM B KBaApaT obenx dacrTed pa-

BeHCTB (2) ¥ (3) MOIJIM HOABUTHLCA JHILIHME KOPHH, COOT-

BeTCTRYIOmMME cayvaw a* <X < 0. Ho 3T0ro He IIPOHUCXO-
a
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IUT: Kak BUAHO u3 ypaBHenus (6), | x| < a, moaromy

£ £ ¢ < @, ¥ 3HAYAT, at Ca—x > 0. Takum ob6pasom, ypas-
ol

HeHue (6) skBuBajeHTHO ypaBHeHHIO (1). OHO Ha3bIBaeTcs
KaHOHMYECKMM ypaBHEHHMEM 3JLIMIICA.

YpaBHeHue (6) nmosBonsAeT OOHAPYKUTDL CJIEAY-
I0INe CBOIMCTBa 3JIHIICA.

1. auunc uMeeT IEHTP CHMMETPHH (HAYaJIO
KoopauHAaT O) ¥ Be B3aMMHO IIepIEeHAUKYIAPHBIE OCH CHM-
merpuH (ocd Ox m Oy). ITH oCcH HABHIBAIOTCH OCAMM DJI-
JHIca: Ta U3 HUX, Ha KOTOPOI JekaT (GOKYChI, HASEIBAETCSA
6OIBUIOHA OCBIO, a4 Ipyrad — MAJIOH OCBIO; BEJIMYMHEI @ U b

Ha3LIBAIOTCA COJBINOM M MAaJIoH IOJIyOCAMH.

¥ 2 Y 2 x2
~pz Sluzz Y =1- 22
TO JJLIMIIC IEITUKOM conepmn’rca B HpﬂMOYI‘OJIbHHRe (x|
| ¥ | < b), cTOPOHEI KOTOPOro MapaJIedbHbl €ro OCAM.

3. IIpu x > 0, y > 0 ypasHenue (6) MoxxeT GLITE
3aIIMCaHO B BH7eE:

2. TTockoabKYy x—

x2

y=b1— rh

PyHKIHA Y (X) MOHOTOHHO yOBIBaeT OT 3Haue-
HuA y=b npu x = 0 go 3Hauenuda y =0 opu x = a. C yue-
TOM YCTAHOBJIEHHBIX HAMHU CHMMETDHI 3TO O3BOJIAET 1300-
pasuTh annunc (puc. 224, a).

3amMevaHHA
1. O6paTtumca K ypasueHHio (2):

J(x+¢)? +y? :a+5a’5.

W3 Hero, KaKk MbI IOMHUM, IIOJIy9aeTCH yDaB-
Henue (6). C apyroit croponHl, M3 ypaBHeHusa (6) caemyer

paBeHCTBO (4) ¥ HePaBEHCTBO a + % > 0. 3anuceIBag ypas-

Henue (4) B Buze
2
(x+cf+yP= [a+%}

¥ YUHMTBHIBAA HEPABEHCTBO a + —a— > 0, IpUXOAUM K ypaBHe-

o (2). Takum o6pasoM, ypaBHeHHe (2) paBHOCHJIbLHO
ypasuenuio (6). Ilepenumiem ero Tak:

(x+e)2+y2 .
a? a’
X +—
c
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Yucaurenb N€BoOM YaCTU 3TOTO YPABHEHUWA Da- -
BeH MF,, a ec 3HaM€HATEIb PaBeH PACCTOSHHUIO OT TOUYKH M

2
J0 TIpAMOH, 3aJaHHOH ypaBHEHHEM X = _a? (puc. 224, 0).

9Ta OpaAMas HA3LIBAETCS AUPEKTPHCOIH JIJHMIICA, COOTBET-
crByiouieit porycy F,. OTMeTuM TakiKe, 4TO JeBas YacTh
paBeHCTBa He 3aBHCUT OT TouxH M u Menmpire 1. Takum
00pa3oM, JNIMNC ABAAETCHA MHOMKECTBOM BCeX TAaKHX
TOYEK ILIOCKOCTH, AAA KOTOPBIX OTHOILIEHME DACCTOAHHA
oo ¢PpukcupoBaHHOM Touku ((dokyca) K paccTogHHIO A0
thurcupoBanHOii NpAMON (IMPEeKTPHCH]) IOCTOAHHO
M MeHbIIe eTWHHILI,

¢
YrkasarHHOEe OTHOIIEHHE paBHOG-‘; Has3bIBaeT-

CA JKCHEHTPHCHTETOM 3JIMIICA.

PaccyxpeHusa, npumMeHeHHble K ypaBHEHHIO

(2), Mo:xHO IPpUMeHHUTDb ¥ K ypasHenuio (3). CnegoBareib-

HO, ypaBHeHHe (3) TakiXe paBHOCHJIBHO ypaBHeHHuio (6).
Ero mMoxHO 3anucaTh TaK:

J(x—c)Z+y?

<
a
— X
c
Taxum obpasom, porycy F, COOTBETCTBYET AHU-
2

peKTpuca, 3dazaBaeMasd ypaBHEHHEM X = a-.

(4
_ 2, PaccMOTpPUM OpPOH3BOJLHYIO HPAMYIO, 3a-
LAHHYI0 B Halllell CHCTEMe KOOpAWHAT YpaBHEHHEM pX +
+qy+r=0, rae p® + ¢* # 0. Ilycte, Hampumep, p # 0.
Bripasxada u3s ypaBHeHHA NPAMOM X Yepes [ U NOACTABIAA
ero B ypasHerue (6), moayuum ans y KBajgpaTHOe ypaBHe-
HYE, KOTOPOMY YAOBJIETBODAIOT OPAMHATEL BCeX OOLIUX TO-
ueK OpAMO u ajnnnca. KsagparHoe ypaBHeHNe He MOMKeT
UMeThL Oonblle ABYX pelleHuii. CiemosaTeisibHO, JdI00ad
npaMag MMeeT ¢ 3JIJINIICOM He (Gojiee ABYX OOIIUX TOUEK.

98 TI'unepéoia

BosuHukaeT ecTecTBeHHBIH BOHPOC: UTO IIOJY-
YUTCHA, eCIU B OHpeleNeHuM 3JJIAICA CYMMY PACCTOAHHMI
3aMEHHTH MOAYJEM HX pasHocTu? Ilonyumrca nueEMA, HAa-
spIBaeMasi rumepbosoii. Takum o6pasoM, MBI IPHUXOAUM
K CJIeIVIONIEMY ONpeAeeHHIO.

Omnpenenenne

I'nmep06osoii HasbIBaeTCA MHOMKECTBO BCEX TAKMX TOYEK IJIOCKOCTH,
JJIA KOTODBIX MOJYJb PA3HOCTH PACCTOAHHMH N0 ABYX (PUKCHDOBAHHBIX
TOYEK €CThb MOCTOAHHAA MNOJOMKUTEILHAA BeJIHUYMHA.

2 ]J(’h'()f)l()ph[(’ caedenust
14 W3 Niidnuuempu



PurcupoBaHHbIE TOUKM HASHIBAKWTCA (hoKyca-
MH THIIEPOOJIBI.

IIyers 2¢ — paccrognue wmexpgy GOKycaMu,
2a — MOOyIbL PasHOCTH PACCTOSHHUI OT TOUKHK runepOOJIEL
o dokycos. Beegem npAMOYTOJIbHYIO CUCTEMY KOODAMHAT
Oxy Ttak, 4robbl GoKycel F; m F, UMeau KOODAUHATEHI
F,(-¢; 0) u F, (¢; 0) (cm. puc. 223), u BLIBeIEM ypaBHE-
HHe Tunepboabl B 370l cucreMe KoopauHart. Crodamyo me-
pex HamMu 3agadyy MOMKHO chopMyJIupoBaTh TakK: HalTH
MHOECTBO BCeX TaKuX ToueK M (x; y), AJA KOTOPHIX pas-
HOocTh MPF, — MF, pasna aubo 2a, aunGo —-2a, T.e.
MF, - MF, =% 2a.

W3 HepaBeHCTBA TPEYrOJBLHUKA CJEIYET, UTO
| MF, - MF, | < F,F,, 1. e. a <c. [Ipu a =c runepboina
BHIpOXKZaeTca B ABa Jyda npamoit F,F,, mostomy Gyzem
CUMTAThL, UTO a < C.

B koopammaTax ypaBHeHHE TANepOOJIBI IIPH-
HUMAaeT BUI: J(x+c)2 +y? —\/(x—c)2 +y? ==*2a.

YMHOMHUM 00€ YACTH 3TOr0 PABEHCTBA Ha CyM-
My GHUTYpPHPYIOIIMX B HEM KODHEH, a 3aTeM pasfelHuM Ha
+2a. B pesyabrare IIOJYYUM:

! 2 2 _ )2 2 . 42cx
Jx+e)2+y2 +(x—c)2 +y? =% =,

IIpHYeM B OpaBoil YacTH OyZer TakoH e 3HaK (IaIOC AIH
MHUHYC), KaK ¥ B IepBoM ypaBHeHHU. Tellepb MOKHO BBI-
PasHTh KamIAbli U3 KOpHeH:

J(x+c¢)? +y? =|a+%, J(x=¢)? +y? =‘a-—-‘3

a
Bossezem obe qacTu A1000T0 M3 3TUX PABEHCTB
B KBagpaT (ZOKa'KMUTe, YTO IIPU 3TOM JHUHIIHMX KOpHel He
MOABUTCA) MU NpeobpasyeM ero K BUAY:
2_n2

. (@

a x2 +y? =a? -c2.
a?

TlockoaBKY @ # ¢, TO TOJNYYEHHOE DABEHCTBO
MOXKHO IIePEHNCATE TaK:

% +_ ¥ -1

a

ITO U ecTh MCKOMOE ypaBHEHHE TIHHepBGOJIBI.

CpaBHuBas IOJYUYEHHBIH Pe3yALTAT ¢ ypaBHeHueM (5), MBI
HPUXOAMM K BEChMAa HEOXKUAAHHOMY BHIBOAY: IHIepboia
HMeeT TOYHO TaKoe Ke YypaBHeHHe, Kak u saammc! OgHako
CYLLECTBEHHOe PAa3JMYMe COCTONT B TOM, YUTO AJIA 3;LIHMICA
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a > ¢, a ana runepbonst a < ¢. C yueTom 3TOTO yCIOBHA -

ypaBHEHMe TUNepOOoJEl MOXHO IepelucaTs Tay:
¥y ®)
a? p2 i

rae b? = c* - a2

VYpaBuenre (8) Ha3bIBaeTCd KAHOHHYECKHM
ypaBHenuneM runep6oasi. QHO MO3BOJAET OOHADYIKHUTH
clleJyIolyue CBOHCTBA runepdoJIbl.

1. T'unepbona nmmeer UeHTp cuMmerpum (Ha-
uygjao KoopauHAT () U JBe B3aMMHO MOEPHEHAHUKYAAPHLIE
ocu cummerpuu (ocu Ox u Oy). OTH ocH HA3LIBAIOTCA OCA-
MH Tunep6oabpl: Ta M3 HHX, Ha KOTOpoH JekaT GOKYCEHI,
HA3bIBaeTCA BeNIeCTBEHHOHM OChIO, a Apyras — MHHMOM
0CbI0; BeJIHYHUHLI @ ¥ b HA3hIBAIOTCA BEMIECTBEHHOM M MHM-
MOil ImOJIyoCcAMH. \

2. Ilockoaskry % = 1+i—2 21, To B noxaoce

a
(| x| < a), comepxkammeit MENMYIO OCh ruIep6OJbI, TOYEK

runepbonEl HET.

2 2
X__1<* 10 B ob6nactu
a2 2

2
3. Iockoabky 4 =
b2 a

b
MeKIy ABYMA INepeceKaloliAMuCs NPAMEBIME ||y| > Z|3c|

TOYEK IUIepOoJIbl TaKMKe Her.
4, Ilpn x 2 a, y 2 0 ypaBHeHue (8) MoKer

2
6BITL 3aIMCAHO B BUAe y=2>0 x_2 -1.
a

DyHKRINA Y (X) MOHOTOHHO U HEOTDAHHYEHHO
BO3pacTaer oT 3HaueHusa y =0 mopu x = a.

5. fcHo, uyrOo mpH X — + 0 ¢yHKIHA Y (x)
CTAHOBUTCHA NPHUOIMIKEHHO pPaBHOMN %x. YTouHMM B3TO

2__ .2 2
cBofictBo. Umeem: 0<bx_b [ x2 gz b ¥ —x+e” _
a a 4 x+vJx?-a?

=__ @ g8 _,9 opu x — +oo, Taxum ob6pasom,
x+x2—q? x

b
runepboyia MMeeT aCUMITOTY (Y =—X|.
a

Tenepr m306pasum rumepooay (pmc. 225, a).
MzI BUAMM, B YACTHOCTH, UTO rUnep001a MMeeT ABe BETBH.

3amegannd

1. ¥YpaBuenusa (7) MOXKHO 3aIIHCaTh TaK:

V(xre)?+y? V(x—=c)?+y?

a? \ az‘
X+ —— lx ~ —
f <

c

e _e
a’ a
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Kaxmoe u3 9THMX ypaBHeHHiET paBHOCHJIBHO
ypaBHeHHuIO (8) (IOKa)KXuTe 3TO) M, CIEeZ0BATEILHO, TAKXKe
ABJIAETCA ypaBHeHHEM runepbosanl. PaccykaeHuda, aHamo-
rHYHbIe NOpPOBeJeHHBIM B 3ameuadmu 1 m. 97, npusogAaT
HAC K BRIBOZY: r'Hmiep6oJia ABJISeTCA MHOKeCTBOM BCexX Ta-
KHX TOYeK MJIOCKOCTH, NJIA KOTOPBIX OTHONICHHE paccTodA-
HUA 10 pUKCHpPOBaHHOH TOUKH ((poKyca) K pPACCTOAHUIO KO
¢dUKcHpOoBAHHONH nNpAMOM (XHPEKTPHCHI) NMOCTOAHHO H
Ooapine eaMHMUBI (IOCKOJBKY AJA rUnepboJisl ¢ > a).

YxkasaHHOE OTHOIIIEHHME HA3BLIBAETCS JKCHEHTPH-
cureroM runepboani. Dokycy F, COOTBETCTBYET AMPEKTDH-

ca, 3aaBaeMasl ypaBHEHHEM x=_-"c—, a dokycy F, — nu-

2
pexTpuca, 3ajaBaeMas ypaBHEHHEM X = ‘ic— (puc. 225, 6).

2. Herpyauo aokasaTh (cgenaiiTe 3To caMo-
CTOSAATEJILHO), YTO JI00adg MpAMas UMeeT ¢ runepbonoil He
6onee ABYX OOIIMX TOYeK.

3. B kypce aarefpnl runep6osoi Ha3bEIBAJIACH
KpUBadA, 3aJaHHaA B HPAMOYTOJBHON cUCTeMe KOOpAHHAT

Oxy ypaBHeHHEM y=§- (k#0). B cucreme KOOpDAZUEHAT

Ox’y’, xoTopasi nojayuaercs nosoporom oceit Ox u Oy Bo-
Kpyr Touxi O Ha 45° OpoTHB 4acOBOI CTpEJKH, ypaBHe-
Hue 3Toil runepboas! npu £ > 0 (puc. 226) nMeer KaHOHHU-
9YeCKUH BHU[

x,2 y;2 _

(2E)? (J2E)?

JIOK aXXHTe 3TO CaMOCTOATEJILHO.

99 I[Iapadoaa

Mp1 3Haem, uTo asrunc (rurnep6ojia) SBISETCH
MHOKECTBOM BCEX TAKHX TOYEK ILIOCKOCTH, JJA KOTODBIX
OTHOIICHHE PACCTOSHUA N0 (PMKCHPOBAHHON TOUKM K pac-
CTOAHHUIO 10 (PMKCHPOBAHHOM NPAMOH IIOCTOAHHO M MEHb-
me (Goapiie) eTUHMIGI,

CaMm co060if HAampamvBaeTCA BOIPOC: KaKas
KpuBad COOTBETCTBYET OTHOINEHHIO, paBHOMY 1? I3ta Kpu-
BasA HasniBaeTc# mapabGosoii. Takum o6pasoM, MEI HPHXO-
IUM K CJeAYIOIieMY OIpeNeIeHHIo.

Onpenenense

yh

RV

Puc. 226

ITapaGomoii Ha3EIBAETCA MHOMXKECTBO BCeX TaKMX TOYEK IIJIOCKOCTH, NS
KOTOPEIX pACCTOSHHE A0 GUKCHPOBaAHHON TOUKH PABHO PACCTOAHHIO JO
(OUKCHPOBAHHON IPAMO, He MPOXOAAINEl Uepe3 3Ty TOUKY.
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DrKCcUpoBaHHAA TOYKA HA3LIBAETCH (POKycOM,
a (HKCHPOBAHHAA IPAMaA — AUPEKTPHCOH Hapaboabl.

ITycre p — paccrosuue ot horyca F no gupex-
TpuChl. BBeeM IPAMOYTOJBLHYIO CHCTEMY KOODAHMHAT TaK,

4TOBEI (POKYC MMeJ KOOpAMHATHEl F g; 0|, a gupexTpUCa

3azaBajach YDaBHEHHEM X = — g (puc. 227, a). B a10ii cuc-

TeM€ KOOPAHHAT ypaBHEHHE napaﬁomﬂ uMe€eT BU[

Bossogs 06e yacTH 3TOr0 paBeHCTBa B KBaLpaT
(DOKaXKHTe, YTO OPY 3TOM JUINHUX KOPHEH He MOSBUTCH),
NPUXOIMM K YPaBHEHHIO

y* = 2px. 9

910 ypaBHEHHAEe HASHLIBAETCH KAHOHHYECKHM
ypaBHeHHeM napatoiasl. OHO TI03BOJIgeT OOHAPYIKUTL CJle-
LYIOIIHe CBOMCTBa mapaboJibl.

1. TlapaGoma wuMmeer OZHY OCh CHMMETPUH
(ocs Ox). OTa ochb Ha3bLIBAETCA OCHIO MapaboJBI, a TOUKA €e
nepecedyeHus ¢ napabosoil — BepIIMHON MapaloJisI.

2

2. IlocKOMBRY X = 12’-5 2 0, To napabona nenu-
KOM COAEPyKUTCS B IOJYIAOCKOCTH (x = (), rpaHuiia KOTO-
poii IepIeHANMKYAAPHA K Oocu mapaboJsl.

3. lIpu x > 0 ypasuernue (9) MoKeT OBITHL 3a-
NMHCAHO B BUJE Y=, 2px.

PDyHKRIMA Y(x) MOHOTOHHO W HEOTPAHWYEHHO
Bospacraer oT 3HaueHuda y =0 upum x = 0. C yueTom cum-
MEeTpHU 3T0 IO3BOJIAET U300pa3uTh napaboxy (puc. 227, 6).

HerpyzHo mokasaTh (cOeaaiiTe 5TO CaAMOCTOS-
TeJILHO), 4TO J100ad nmpaAMas uMeeT ¢ mapadoaoii He Gonee
IBYX O00IMX TOYEK.

Jmune, runepbosia u mapabosa BCTPEUAIOTCS
B CaMBIX DasHOOOpasHbIX curyauuAx. Tak, TeHb QyTCOJIbL-
HOrO MAYa OrpaHMYeHa 3JJUIHMICOM, OpOoIleHHLII KaMeHb
OBUKeTCA 1O mapabose, a ABMiKeHme HefecHBIX TeJ (mLia-
HET, KOMeT, METEOPUTOB 1 T. A.) NOJ AelCTBUEM IIPUTSIKe-
gusa CosHIA NPOMCXOAUT MO IJNUAICY WK Thiepbose. Ko-
HeYHO, He0eCHbIe TeJia WKCHBITHLIBAIOT BO3JelicTBHe He
TosbKo CoNHIla, HO M APYTHX TeJ, MO3TOMY MX WCTHHHEIE
TPAaEeKTOPUH He ABJIAIOTCH B TOUHOCTH 3JUIMIICAMM HJIH T'H-
nep0oxaMu, HO BecbMa OJM3KH K 3TUM JUHUAM. Tak, Kax-
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nada naaseta CorHEYHOH CHCTEMBbl, B TOM YHCJI€ HAIlA 3eM-
Jsi, ABHJKeTCS MO op0uTe, OJHM3KOHA K BIJNOTHUUYECKOH,
npudeM CoJjiHIlE HAXOAUTCH B OXHOM U3 POKYCOB 3/JIHIICA.

863

864

865

866

867

868

869

870

3anaun

PaccrosaHme MexayV ABYyMA (POKyCAMU DJIJIMUIICA PABHO 4\/5, a OTHOIIIe-
Hue Oosabirofl m maJyofi moiyyoceii paBHo 3. a) Hanmmure ypaBHeHUe
3TOr0 BJUHMICA B cucreMme Koopauuar Oxy, rae O — cepexuHa OTpes-
Ka, coeauHAKIIero GOKyChl, jexxkamiue Ha ocu Ox. 6) Haiipure sxc-
IeHTpucHuTeT 3Jjannca. B) Hamuinre ypaBHeHHE AMPEKTPHC 3JJIHICA
B cucTemMe KoopamHar Oxy. \

x? y° _ .
5 +T =1 u npamoi,
TIPOXOZAImEeN ueped3 TOUKH ¢ KoopauHaramu (1; —1)21«1 (3; 1).

2
Hccnenyiite B3anuMHOE PACIIONIOKeHNe DJIIUIICA %6— + yT =1 u: a) OKpy«-

HOCTH pasuyca +/7 ¢ meHTPOM B Hadajle KOODAUHAT; ) OKPYKHOCTH pa-
payca 2 ¢ meHrpoMm B Touke (2; 0).

AcuMnToTel rEnep0OJILI NPOXOLAT Uepe3 Hauyalo KOOPLHHAT K COCTaB-
JA1T ¢ ockio Ox yriawl B 60°. Paccrosaue Mexay GoKycaMu, JeKaIlu-
Mu Ha ocu Ox, paBHO 4. a) Hanumnre ypaBHeHHe 3TONH TIuIepGoJIbl
B cucteme Koopouaar Oxy. 6) Haligute sxciedTpucATeT runepbosint.
B) Hanumwure ypaBHeHUS AUPEKTPHUC rumepboJbl B CACTEMe KOOPAH-
"ar Oxy.

I/Iccnenyﬁ're B3aMMHOe DacCIIOJOoXeHUue aJJINIca

HccnezyiiTe B3aRMHOE pacIosiomenue sirnmnca *— + 2 = 1 u runep6o-
9 4
2v2

JBL Y =

Halinure sxcieRTpHUCUTEeT W HANUINNTE YPaBHeHWA IUPEKTPHC TUIeD-
601B1 y=§ (& > 0).

Tlapa6osa 3agana ypaBHeHHeM y = ax’ + by + c. Hanummure ypaBEenue
IUPEeKTPUCH] 3TOl mapaboJH M HalauTe KOOpPAMHATHI ee (hoKyca.
HccrenyiiTe B3auMHOE PAaCIoJ0KeHNe Mapabossl § = x° 1 OKPY’KHOCTH
paaryca R ¢ nenrpom B Touke (0; R) B 3aBucuMOcTH OT K.

2 [exkomopoie ¢8e0cHus
19 U3 NIAd UM emPU



IIpunoxxenus

n H3o00paxkenue
NPOCTPAHCTBEHHBIX (uUryp

IIpr usyueHnM cTepeOMeTpUU BasKHOe 3HAaUe-
HUe uMeeT H3o0pa'keHHe NIPOCTPAHCTBEHHEBIX (uryp Ha
gepre:ke, MBI TO3HAKOMUMCSA 37eCh ¢ HEKOTOPRIMH IPAaBH-
JaMM mocTpoeHus uzobpakenmit. C sToil 1enpl BBeneM
CHavaJia NOHATHE MapajlleJbHOM NpoeKuuH GUrypsl, a 3a-
TEM C €ro MOMOMIILIO MOHATYE N300paennsa GUIrypsl U pac-
CMOTDHAM HOpPHUMEPHl H300pasKEHUH WJIOCKHX W IPOCTPaH-
CTBEeHHBIX (Uryp.

1 Tlapannensrasi npoeximsi GUrypsI

ITyere ® — HeKOTOpas TAOCKOCTb, a Il — me-
pecekampmad 3Ty IJIOCKOCTbL IpAMadA. OTMETHM IIpOMU3-
BOJBLHYI TOYKY A, npocrpancTBa. Ecau Touka A, He Jje-
JKUT Ha UpAMOH !, TO mnpoBejem duepes A, IPAMYIO,
NnapajieabHYI0 OpAMOi [, m 0003HAUNM Yeped A TOUKY Iie-
pecedeHHsa >Toi NpamMoil ¢ II0CKocThIo Tt (puc. 228). Ecau
xKe Ay — Trouka npsAmoii I, To o6o3sHauuM uepe3 A TOUKY
nepeceueHENs NpsaMoit [ ¢ maockocTsio . Touka A Ha3BIBa-
eTcHd NMpoeKnueil TOUKH 4, Ha TJIOCKOCTh T IIPH IMPOEeKTH-
poBaHHH NapajieasHo npamoi . O6pIuHO mpezmosaraer-
€, 4TO NIJIOCKOCTh T K IpAMas [ 3aJaHEl, MO9TOMY TOUKY A
KPaTKO HA3BIBAIOT NapaJiejbHON nMpoeximueil TOUKH A,.

ITyers F, — mnockas MM IpOCTPAHCTBEHHAA
¢urypa. IapanmentHrsle NTPOEKIIUYA BCeX TOUYEK Guryps F,
o6pasywoT HeKoTOpYI (urypy F Ha IJIOCKOCTH T (CM.
puc. 228). @urypa F HasbIBaeTcsa napajliieJIbHOH mpoek-
uueii ourypsl F,. ['oBopar Takwxe, uTo ¢purypa F moayue-
Ha U3 Quryps F,; mapajiieJIbHEIM NIPOCKTHPOBAHMEM.

CdhopmyampyeM OCHOBHEIE CBolicTBa IIapaJ-
JeJIBHOTO IIPOEKTHPOBAHMUSA HPH YCJIOBHHU, UTO MPOEKTUDPY-
eMble OTPe3KH M IPAMEBIEe He NapauielbHbl IpAMOH [.

1°. Mpoexuusa npaMoi €CcTh npaMmas
(puc. 229).
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B,
Co

B

Y

v C
| N (9

n!

IIpoexnun napaNeAbHBIX

oTpeskos AgBy u CyDy ecTh
napajieNbHEle 0Tpe3ku AB
u CD

Puc. 231

IIpoexnmsr oTpesxka AyB,
ecTh oTpe3ok AB

Puc. 230

2°, IIpoexuus oTpe3ka ecTs 0Tpe3ok (puc. 230).

3°, IIpoekunm mnapaadenbHEIX OTPE3KOB —
napajiejbHbie OTpe3ku (puc. 231) uau orpesku, IpUHAL-
JeJkalmue ONHOH HOPAMOM.

4°, ITpoeKnuu Mapajie bHbIX OTPE3KOB, 4 TAK-
Je IPOEeKIHMH OTPEe3KOB, JeMXAIUX HA OJHOH NpPAMOI,
NPONMOPIMOHAJILHE! CAMHM OTpe3kaM (puc. 232).

W3 csoiictBa 4° ciefyeT, UTO NPOEKIHA cepe-
OUHBEI OTPE3Ka €CTh CePeAMHA NMPOEKIMH OTPEe3Ka.

2 W3zob6paxenne burypsi

Bri6epeM HEKOTOPYIO IJIOCKOCTE T M Ha30BeM
ee IJOCKOCTHI0 H300pa’keHuii. 3aTeM BO3LMEM NPAMYIO [,
IepPeceKarnInyl0 IJIOCKOCTh T, W CIPOEKTHPYEM IaHHYIO
tburypy F, Ha ILIOCKOCTSH T napanienbuo npamoi [. Ilomay-
4YeHHYIO IJIOCKYI0 GUrypy F’ uau maobyro ekt nonobuyio du-
rypy F Ha mjaockocTH T OygeM HA3BIBATE H300paskeHUeM
dburypst F; (puc. 233). IllocTpoernoe Takum o0pasom u300-
paXeHHe (Uryphl COOTBETCTBYET 3PHTEJLHOMY BOCIPHSA-
THI0 QUrypHEl (PHA PacCMOTPEHMHM ee M3 TOYKM, PacIojio-
HKEeHHOH JaJIeKO OT Hee.

Brifupas pasiuyHbie IJOCKOCTH H300paxce-
HHUH M pasIuyHBIe HampaBJIeHHsA IIPOeKTHPOBaHMA (T. €.
pasauuHBie nNpAMee [), OymeM moaydYarb pasJaHYHEIE
nzobpakeHus gaHHOW Gurypsl. OOwiuHO Oeperca Takoe
un3obpakenne purypsl, KoTopoe sBasercd Hambosee Ha-
IIAZHEIM U YAOGHLIM [OJIS1 BHINMOJHEHUS HA HEM JOTIOJIHU-
TeJbHBIX IOCTPOeHUII. JTo HM300paskeHHe M BOCIPOM3BO-
IATCA HA 4YepTexe.
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3 Hzobpaskenue miaockux ¢uryp
ITocTpoeHne m3o6Gpaskenuil GUryp OCHOBAHO
Ha CBOACTBAaX TAPA/JIebHOTO TPOEKTUPOBaHUA, chopmy-
AUPOBAaHHEIX B T. 1. PaccMOTPUM HEKOTOphIe¢ HPHMEPHI
“300pakeHu# MAOCKUX GUryp.
O1pesox
ITo caoitctBy 2° mpoexnus oTpesxa ecTs OTpe-
30K, MO3TOMY M300paKeHHeM OTPEe3Ka ABJIAETCH OTPEe30K.
$IcHO, UTO NPOM3BOJBLHBIH OTPE30K HA UYEPTesKe MOJKHO
CURTATH H300paskeHHeM JAHHOTO OTPE3Ka.
IIpu paccmoTperuu us3obparkeHH#l TPeyroib-
HHKAa, IapajiejorpaMMa 1 T. A. 0yAeM CUHTATH, UYTO IJIOC-
KOCTH 3THX (PUryp He mapajjleIbHbl HAIPABIEHHIO IIPOEK-
TUPOBaHUA (npamoit [).
TpeyroabHuk
Hycrs AyB,Cy — TPeyroJbLHUK, PaCIOJIOMeH-
HbIl B mpoctpaHcTee, A', B’ m C’ — npoeKnuu Touex Ay,
B, u C, Ha nnockocTs Tt (puc. 234, a). Tak Kax IpoeKITIA
0oTpe3Ka ecTh OTPe30K, To TpeyronbEumkK A'B’'C’ (a Takxe
ai060i1  Tpeyronmbuuk ABC, nNoxoGHBIA TPEYrOAbHUKY
A'B'C’) aBnserca usobpakeHueM TpeyrodbHuUKa A,ByCo.
MoskHO AOKA3aTh, YTO B KAUeCTBe H300pakeHuss NAHHOIO
TPeyroJIbHUEA HA YepTedke MOKHO OGpaTs NMPOM3BOJBHBIN
TpeyroabHuUK. Hanpumep, Ha pucyHre 234, 6 maobpasxe-
' HHeM [PAMOYTOJLHOTO PpABHOGEJPEHHOTO TPeyTroJbHU-
Ka A B,C, cay:XuT pasHOCTOPOHHUI TpeyronbHuk ABC.
IHapaaxexorpaMmm
Tarx KaK NpoeKIuAMM PaBHLIX I1aPAJJIENIbLHBIX
OTPE3KOB SBJAIOTCA PpaBHbIE OapajliejibHbIe OTPE3KH
(coiictea 3° m 4° n. 1), To m3oOpakeHHeM HapaIaeso-
rpaMma SBJASETCH MapajjenorpaMm. MOMKHO JA0Ka3aTh,
4YTO IPOM3BOJLHBIA MapaIjIeIorpaMM Ha 4YepTe:Ke MOXKHO
cunTaATh H306pAKeHHEeM AAHHOrO OapajaesorpaMMma, B 4a-
CTHOCTHM H300paKeHWeM JAHHOTO NPSIMOYTOJLHMKAZ, pPOM-
6a, xkBagpaTta (puc. 235).
Tpaneuus
Herpyaso BugeTs, 4T0 uM300paskeHueM Tpaie-
unu AgB,CoDy ¢ ocrOBanuamMu AyB, u C D, asiserca Tpa-
neuua ABCD, npuuem mo csoiterBy 4° m. 1
AB _ CD
AgBy  CoDg ’ D

T. €. OCHOBaHMA N300pa’KeHMs Tpalelyy OPOMOPIMOHAIb-
HEI OCHOBAHUAM caMmoii Tpanenuu. [TosTomy He Ja06yio Tpa-
MU0 MOYKHO CUMTATH M300paskeHueM AaHHOM Tpameuuu.
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YrakeM croco® IIOCTpOeHHUs M300parkeHWA MAaHHOW Tpa-
menun A B,CoD,. C aToll Heaplo pacCMOTPMM BCIIOMOTA-
TelbHHE orTpedok Cy,E,, HapalfelbHBIH OTpesry AyD,
u paabuBaroiiuil Tpaneiuio Ha napajuneaorpamm A,D,C.E,
u tpeyroabHuk ByCoE, (puc. 236, a). B kadecrse usobpa-
keHus nmapanyuenorpamma A,D,C E, BO3EMeéM NPOU3BOJb-
HeIf nmapamaenorpamm ADCE (puc. 236, 6). Tak xax
AE = DC, To nponopiuio (1) M0KHO 3anmmcaThk Tak:

AR - 2B (2)

Henmonsaya nponopuuw (2), HETPYAHO MOCTPO-
UTH Telepb TOUKY B - mazobpakenue Touxku B,. ITo mo-
CcTpOoeHUEe BBHIOJIHEHO Ha pucyHKe 236, 0, rae AA, = CyD,,
AA, = A B,. Tlocrpoennasa tpaneuua ABCD saBasercs
ngobpakenuem tpanenuu A,B,C,D, (518 Hee BBINIOJHeHa
npomopua (1)).

OrMmernM, uTO H306paKeHNEM paBHOOEIpEeH-
Hoil Tpanenun A,B,C,D, MoxkeT OLITH U HepaBHOOEpEeHHAS
rpanenus ABCD. Ilpu stoM m3o0pakeHUeM OCH CHMMeET-
pHMH paBHOOEAPEHHOH Tpamemuu #ABJIsAeTca npaAMaa EF,
npoxojsuias depe3d cepeinHbl ocHoBaHuit AD u BC, wu,
CIIeIOBATENbHO, 0Tpe3oK EF aBnserca n3obpakeHueM BhI-
COTHI paBHOOeApeHHON Tpamemmu (puc. 237).

Oxpy:xxHOCTH

Kaxk crepyer u3 n. 72, mapasiiesbHON IIPOEK-
nueil OKpy:KHOCTH ABjIserca auarunc (puc. 238). Oxpyx-
HOCTL — YACTHHIM cayuall sjIIumca, IMOCKOJIBKY €e Ipo-
€KUM HAa  ILUIOCKOCTh, HAPAJIENBbHYI0  IIJIOCKOCTH
OKPYsKHOCTH, €CTh OKPY’KHOCTBb, paBHad gaHHOH (00Bbsic-
HATe ntoueMy). M3 cBoiicTE mapasyiiesbHOTO IIPOEKTHPOBA-
HUSA cjefyeT, 4YTO NpoeKIuA neHTpa O ZaHHOH OKPYKHO-
CTH ABIAETCH NEHTPOM CHMMerpum asanumca (Touka O Ha
pucyike 238). 9Ty TOYKY Ha3bIBAIOT IEHTPOM DBJUIMIICA.

Taxum ob6pasoMm, M300parkeHNEeM OKPYKHOCTH
ABNIAETCS 3JIINIC, IPUUEM H300paKeHHeM [EeHTPa OKPYXK-
HOCTH ABJIAETCHA IEHTpP dJLIUIICA.

DIIINIC MCIIONBL3VETCA IpH H300pasKeHUH Ha
IJOCKOCTH LWJIAHIPOB, KOHYCOB, YCEUEHHLIX KOHYCOB
u chep (cMm. raassi VI u VII). IlonsATHe annumca 4acTo
BCTPEeYAeTCA H B PA3JUUYHBIX BOIPOCAX €CTEeCTBORHAHHI.
Hanpumep, nsuxenne miader Boxpyr CouiHIIA DpPOMCXO-
AAT MO opbuTaM, GIU3KHUM K SJIMICAM.
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4 IHso6paskenue NpocTPaHCTBEHHBIX (GHUTYD:

PaccmoTpuMm Tenmeph n3ofpakeHnd Ha IJIOCKO-
CTH HEKOTOPBHIX MHOTOTPAHHHKOB IPH YCAOBHH, YTO HU Of-
Ha M3 IJIOCKOCTeH rpaweil He mapajUlelbHA HAIPABJICHHIO
npoexkTupoBaHua. I[Ipn sTom mox usobpasxeHUeM MHOTO-
rpafsEdka OygeM HNOHHMAThH (PHTYDPY, COCTOAIIYIO U3 HpO-
eKnuil Bcex ero pebep.

Tetpaanp

Ilyety AyByCoD; — DpOM3BONBHLIA TETPAsAp,
A, B, C u D — mapannejbHEIE IPOEKIINY €T0 BePIITMH Ha
IIJIOCKOCTL H300pakeHmit (puc. 239). Orpesxku AB, BC,
CA, AD, BD, CD cayxaT cToOpoHAMM ¥ OHATOHAIAMHA Ue-
TEHIpEXYyTroJbHEKA ABCD. ®durypa, oOpasoBaHHAs N3 3THUX
oTpe3KoB (WM Jiobaag Apyrasa ¢urypa, mogobHas ei), AB-
Aserca usobpamenneM rteTpasapa A,B(C,D,.

MoxxHO aokasaTs, 4TO QHUrypa, COCTOAIIAH K3
CTOPOH M ZUATOHAJEH JII060ro (BLIIYKJIONO HJIHM HEBBIIYKJIO-
I'0) YeThIPeXyTOoNIbLHUKA, ABIAETCHA H300parKeHHeM TeTpasi-
pa IPH COOTBETCTBYIOIIEM BrIOGOpE ILIIOCKOCTH M300parKeHuit
¥ HaOpas/leHWs npoeKTupoBaHusa (puc. 240, a, 6, 6). (Ha
9THX PHUCYHKAX HeBHAUMLIe pedpa u300pa’KeHEl IITPUXO-
BEIMH JINHHSMM. )

IIapannenenunen

Hdxs mocTpoeHnA m300pasKeHUA MPOM3BOJIbHO-
ro napannenenunena A,B,C,D,A,BiCyD; s3amMerum, UTO
TouKMu A, By, Dy ¥ A; ABAAIOTCA BEPUINHAMU TeTPAd[-
pa A BoD,A; (puc. 241). IlosTomMy B KadecTBe HX
H300pAXKEHUA MOMKHO B3ATH BEPIINHBI ITPOM3BOJILHOI'O
yeThIpexyroisEuKa ABDA’. Ipyrumu craoBamu, Jio0bie
Tpu orpeska AB, AD u AA’ niaockoctu usobpaskeHus ¢ 06-
MM KOHIIOM A, HUKAKKe JBA K3 KOTOPBIX He JIeMAT Ha
OLHOM mNpAMOil, MOMHO CUYUTAThH n3oOpakeHueM pebep
AyBy, A;Dy n AjA; napamnenenunena. Ho rorza msobpa-
SKeHUS OCTANBHHIX pefep CTPOATCA OJHO3ZHAYHO, TaK KaK
BCe IpaHHR Tapajiejelnulens HBJIAIOTCA Iapajiesorpam-
MaMiH, H, CJAEZOBATEJBHO, UX M300pa’KeHus Taxyxke OyayT
napannendorpammamMu. Ha pucyHke 241 napaniesrenuner
ABCDA’B’'C’'D’ aBnserca n3o0paskeHHeM MDapajienenulie-
Ra AyBCoDyA, B, Co D

IIupamupga

Wso6pakeHne OCHOBAHMA IIUPAMHILI CTPOAT
10 OMMCAHHBIM B N. 3 OpaBmWiIaM, a 3a m3obparkeHHe Bep-
IMHUHLEL MOKHO NPMHSATE JIOOYI0 TOYKY, He MPUHAMJIEKA-
Iyio cTOpoHaM u3o0pakeHusa ocHoRaHWA. Ha pucyrke 242
Iano um30o0pakeHHe NPaBHALHON mHUpaMuabl S,A,ByCoD,,
OCHOBAaHHMEM KOTODO# ciayskuT KBagpat Ay B,CyD,. Mzobpa-
JKeHHeM OCHOBaHMs ABIAercsa mapasuienorpamm ABCD.
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Ao Puc. 241 Pnc. 242

3ameuanue

YacTHEIM CJIyYaeM OapaJIIeIBHOM IIPOEKIHH
burypnt ABIgEeTCA NPAMOYToJbHAA NpoeKuHua (cM. 1. 21).
IIpsMoyTONIbHBIE IPOEKIIMK HMIMPOKO MCIIOJB3YIOTCHA B TEX-
HUYECKOM udepuenun. Kaxad-imbo geTanb 0ObIYHO HPOEK-
THpYeTCA Ha ABEe IJIOCKOCTH — T'OPH30HTAJNBHYIO H BEepTH-
KaJBHYIO, B 00€ IpOeKIyH H300pakaloTcs B ILJIOCKOCTH
yepre:xa. Ha pucymke 243 mu3o0paskeHbl [Be NPOEKI[HH
HUJUHIPUYECKOH BTYJIKH,

E 06 akcuomMax reoMeTpum

AKCHOMBI reOMETPHH IPeACTABAAIOT co0oi UC-
XOAHBIE TIOJIOMKEHHH, Ha OCHOBE KOTODHIX CTPOHMTCA BCA
reoMeTpHUdA, T. €. NyTeM JIOTHYECKHX PAaCCYKAeHM ycTa-
HaBJIMBAIOTCA CBOMCTBA reOMeTpHYeCKHUX buryp. B akcuno-
MaX BBIPAYKEHEl CBOUCTBA OCHOBHBIX TIeOMETPHUECKHX
NoHATHH. K TaKOBBIM B HAITIEM Kypce OTHOCATCA OHOHATHHA
TOYKH, NMPAMOH M ILIOCKOCTH, IOHATHE «JIEHKATH MEKIY»
JJIA TOUEK IpAMOH u moHsTHe HaXoxkenus. Kpome toro,
B aKCHOMaX I'€OMETPHHM W BBEITEKAIOIINX M3 HUX YTBEDIKAE-
HUAX HCHOJb3YIOTCA Takue ofmieMaTeMaTHYECKHE IIOHA-
THSA, KaK «IPUHALIEXKATL» (MJIM «JIeXAaTh HAa»), «MHOXMeE-
CTBO», <«UHCJO» B T. [.

3mech MBI HpHBEieM BCe aKCHOMEI [eOMETpHH,
BKJIIOYafA U Te TPM AKCHOMBI O B3aUMHOM PAaCIOJIOMKEHHH
TOYEeK, IPAMBIX H ILUIOCKOCTEH, KOTOpEIe OLLIM copMyJIu-
POBaHLI BO BBEAEHWH, a TAaKKe RaJUM AOKA3aTEJILCTBA Ha
OCHOBE 8KCHOM HEKOTOPWIX HAIVIAJHO OUEBHUAHEIX YTBEPIK-
IeHWH, KOTOphle MCIOJb30BAJACh B KyPCe CTEPeOMeTpHH.

IlepBas rpymnma akcHmoM XapaKTepH3YeT Baa-
HMHOE€ pAacIOJIOXKeHHe TOYEK, NPAMBIX H IJIOCKOCTE.
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1. Ha xamxmoil NpAMON U B KasKIAOH IIOCKOCTH MMEIOTCA MO KpauHeil
Mepe ABEe TOYKH.

2. Umerorca mo kpaiiHeil Mepe TPpH TOYKM, HE JeKalmue HA OTHOH
NPAMOIi, M N0 KpaiiHell Mepe YeThIpe TOUKH, HE JeKallue B OXHOIi
IJIOCKOCTH.

3. Yepes Jo0ble ABe TOYKU NPOXOIUT NpAMan, H IPHTOM TOJBKO OHA.

4. Yepes mwobble TPH TOYKH, HE JiexKanie Ha OTHON MPAMOM, IIPOXO-
IHUT IJIOCKOCTh, M NMPHTOM TOJIBKO OJHA.

5. Eciu pBe TOUKH NpAMOMH JIe’KAT B IJIOCKOCTH, TO BCe TOUKM Ipsi-
MOH JieKaT B 3TOH ILIOCKOCTH.

6. Ecau aBe ILIOCKOCTHM HMEIOT OOILIYIO TOUKY, TO OHH HMEIOT o0myio
NPAMYIO, HA KOTOPOH JIe:KaT Bce o0UIHe TOUKH STHX ILIOCKOCTEH,

7. N3 Tpex Touek MPAMOI OFHA, ¥ TOJIBKO OJHA, JEKHUT MEMXKAY ABYMS
APYTHMMH.

Huorza BMeCTO CIOB «TOUYKA B JIEXKUT MexIy
TouKaMu A u C» roBopAT, 4To TOUYKU A ¥ C JIeXKaT mo pas-
Hbl€ CTOPOHBI OT TOUYKH B, uam Touxku A u B JdexxaT mo of-
HY CTOPOHY OT TouKu C (aHaJoruyuHo Touku B u C jJexar
[I0 OfHY CTOPOHY OT TOUKHU A).

8. Kaxkpan rouka O npaMol paszeiisaeT ee HAa ABe YACTH — JABa Jy-
Ya — TaK, 4TO Ji00bIe IBe TOUYKHM OJHOTO M TOTO 2Ke JIyua JIesKaT 110
OOHY CTOPOHY OT TOYKH O, a mo0ple ABe TOYKH PAa3HBIX Jydel Jje-
AT 10 pasHbie cTOpoHHI oT TOUKH 0. [Ipu 9ToM Touka O He mpn-
HAJJICKMT HU OAHOMY M3 YKA3AHHBIX Jydeil.

HanomuuM, 4TtO0 oTpeskom AB HasbiBaeTcs
reoMerpuueckas ¢urypa, cocroAmas us Touek A m B n
BCEX TOUEK NMPAMOI AB, JNeXKAIMUX MeXAY HUMU. Eciu oT-
pesok AB u mpsiMas a JexXaT B OfHOH IIJIOCKOCTH M He
MMeIOT OOIMX TOYEK, TO rOBOPAT, UTO TOYKK A B B aexar
0 OJHY CTOPOHY OT NMpAMO¥ a; ecyiH »Ke oTpe3ok AB mnepe-
cexaeTcsa C IPAMON @ B HEKOTOPOH TOUKe, JieXKalieil Mexx-
Iy A u B, TO rOBOPSAT, UTO TOYKH A u B jmexar mo pasHble
CTOPOHBI OT IPAMOH 4.

9. Kaxnan npaMad a, Jexamnas B IUIOCKOCTH, pPasneiser 3Ty ILIoC-
KOCTb Ha JIBe YacTH (JIBe MOJIYIJIOCKOCTH) TaK, YTO JIOGbIe IBe TOU-
KM OXHOH H TOM Ke NIOJYIJIOCKOCTH JeKaT 10 OJHY CTOPOHY OT
npaMoii a, a A06bie Be TOUKH Pa3HbIX MOIYINIOCKOCTEH JeXKaT 1mo
pas3Hbie CTOPOHBI OT nmpaMoi . Ilpu aToM TOUKH NpaMoOH a4 He MPH-
HaJJIe:kaT HM OJHOH M3 3THX MOJYIIOCKOCTeH.

IIpamasa a wasbIiBaeTcs TpaHHIEH Ka)XIod M3
IOy IJIOCKOCTEH.
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Ecnn orpesok He mMeeT oOIIMX TOUYEK C AaH-
HOIl MJIOCKOCTHIO, TO T'OBOPAT, YTO KOHIILI OTPE3KAa JIeXXaT
[I0 OJHY CTOPOHY OT IIJIOCKOCTH; €CJIH XKe OTPe30K Iepece-
KaeTcs ¢ MJIOCKOCTHIO B HEKOTOPOil cBoell BHyTpeHHeM TOU-
Ke, TO T'OBOPAT, UYTO KOHIILI OTPE3KA JIESKAT 10 Pa3HBIE CTO-

POHEI OT NJOCKOCTH.

10.

Kaxaasa miIocKocTh O pasfejisieT NPOCTPAHCTBO Ha JBe YacTH (JIBa
NOJYNPOCTPAHCTBA) TAK, YTO JI00ble AB€ TOYKM OQHOTO H TOTO #e
IOJYNPOCTPAHCTBA JIeKAT IO OOHY CTOPOHY OT ILJIOCKOCTH O,
a JI00ble ABe TOYKH PA3HBIX IOJYINPOCTPAHCTB JEKAT IO pasHbIe
CTOPOHBI OT TIOCKOCTH O. IIpH 3TOM TOYKM IJIOCKOCTH (. He IIpH-

HAMJIEKAT HA OJHOMY H3 YKa3aHHBIX NOJYIIPOCTPAHCTB.

IlnockocTh O HasbIBaeTCs TPaHHIEH KayKI0To
U3 OOJYHNPOCTPAHCTB.

Crnemymoiiasa rpyInna aKkCHOM OTHOCHTCA K IIO-
HATUAM HaJOKEHHUsS KM PABEHCTBA (QUIYP.

Ilox mamo)keHumeM MBI IOHMMaeM oOToOpake-
HYe MPOCTpaHCTBa Ha cebsa. OJHAKO He BCAKOe OoToOpake-
HIe IPOCTPAHCTBA Ha cebs Ha3bIBaeTca HajJo:KeHneMm. Ha-
JOKEeHHA — STO TaKHe oTobpaskeHHs NpPOCTpPaHCTBa Ha
cebda, KoTOpele 006Ja7a10T CBOMCTBAMY, BEIPAKEHHLIMU
B axcmomMax 11—17. B ¢opMyJInpoBKax 5THX AKCHOM
HCHOJb3yeTcsA NOHATHUE PaBeHCTBA (UI'Yp, KOTOpoe oIlIpe-
JejsieTcda Tak: nycTs © u ©; — nBe GUrypeI; ecau cymecr-
BYeT HaJoxKeHHe, NpU KoropoM ¢durypa @ orobpaxkaercsa
Ha ¢urypy ®,, To Mb1 roBopHM, U4TO (pHUTypy P MOMKHO CO-
BMECTHTHh HAJIO:KEeHNeM ¢ ¢urypoit ®, niam uro ¢purypa @

paesua durype P,.

11. Ecau npH HaJOKeHHHM COBMEHIAIOTCA KOHIBI ABYX OTPE3KOB, TO
COBMEIAIOTCA M CAMM OTPe3KH,

12. Ha m000M Jiryue OT ero HavaJa MOKHO OTIOKHTH OTPE30K, PaB-
HBI JAHHOMY, H IPHTOM TOJBKO OXHH.

13. Ot moGoro Jgyua B JAaHHYIO MOJYIJIOCKOCTH MOXHO OTJIOKHUTEH YTOJI,
PaBHBIN JTaHHOMY HeDa3BEPHYTOMY YIJIY, H IPHTOM TOJIBKO OXHH.

14. [pa pasmsIX yria hk u h k,, Je:xampye B IIOCKOCTAX, ABJISIONHXCS
rPaHMIAMH NOJXyHpocTpadncTB P u P,, MOKHO COBMECTHTh HAJIOMKE-
HHEeM TaK, YTO NIPH 3TOM COBMecCTATesA Noxympocrpancersa P u P,
npUYeM 3TO MOMKHO CAeJIaTh ABYMA COCO0aMM: B OMHOM CJydae CO-
Bsmecrarca ayas hm h,,ku k,,a B apyrom — ayum hma k,,ku h,.

15. JIrwo6an ¢durypa pasma camou cebe.

16. Ecam ¢urypa © pasua durype ®,, 1o burypa ®, pasaa ¢urype P.

17. Ecnau durypa ®, pasna durype ®,, a durypa ®, pasua durype

8%

®;, To purypa @, pasaa durype P,.
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Crnezyioinue JBe aKCHUOMBI CBA38HBI C H3Mepe- -

HueM oTpe3koB. IIpex e yeM ux chopMyJIHpOBaThH, HAIIOM-
HHMM, KaK U8MepaloTCcA oTpeskH. Ilyets AB — H3MepsaemMblil
OTpe3okK, PQ — BHIOpanHAd eJUHUIA U3MepeHHA OTPEe3KOB.
Ha xyue AB oT/10:KUM OTpe3oK AA;, = PQ, Ha jyue A,B — oOT-
pe3ok A, A, = PQ u T. I. Ao Tex mop, IOKA TOUKa A, He COB-
majzer ¢ TOYKoi B aubo Touka B He OKamxercs Jexkareil
Mexxay A, u A, ,,. B nepsomM ciyuae ropopsT, 4TO IJINHA
oTpeska AB npu eIuHUIE H3MepeHUs P& BhIpasKaeTcd YHC-
noM 1 (MIH 4To OTpe3oK PQ yKiIaAwnIBaeTcsa B OTpesKe AB
n pas). Bo BTOpoM ciyuae MOYKHO CKa3aTh, UTO AJIHHA OT-
peska AB npu egununie maMepenns PQ npnlHiKeHHO BBI-
paxkaerca unciaoM n. Hns 60jiee TOYUHOTO M3MEPEHHUS OTpe-
30K PQ nenAT Ha PaBHbIE YacTH, oOkI4HO Ha 10 paBHBIX ya-
cTeil, ¥ ¢ IOMOMIBIO OZHOM M3 STHX dYacTeill H3MepAIOT
onucaHHbIM crnocoboMm ocraToxk A,B. Ecnu mpu sTom gecs-
Tad 4acTh OTpe3ka P@ we yKJIaabIBaeTcA I€JIO€ YHMCJIO pas
B H3MepsIeMOM OCTaTKe, TO €€ Takike AenaT Ha 10 paBHBIX
yacTeil ¥ IPOAOCJIKAIOT IIpPoLece HaMepeHUA. MblI yTBepK1a-
€M, UTO TAKHM cNoco00M MOKHO M3MEPHTH JII060i OTpe3okK,
T. €. BEIPA3UTh €ro JJIHHY [IPU JaHHOH efMHUIE U3MepeHUus
KOHeqHON MM OeCcKOHeYHOH JecATHUYHOI Jpobpio. ITO
YTBepXJeHUe KpPATKO cPpopMyJHpyeM TakK:

18. IIpu BoIOpanHOl egHHUIIe H3MEPeHHA OTPE3KOB AJMHA KaKIOro
OTPe3Ka BhIpa’KaeTcs MOJIOXKHMTEJIBHBIM THCJIOM.

RpOMe TOr0o, MBI HNpHHKEMaeM aKCHOMY cCyiie-
CTBOBAHUA OTpe3Ka I[aHHOﬁ AJIKNHBI.

19. IIpn BoIGpasHO# eaMHHIle HM3MEpeHHS OTPE3KOB A JI0Goro
NOJIOJKHTEJBHOTO 4YHCJIa CYLIECTBYyeT OTPe30K, [JIHHA KOTOpPOoro
BBIPAKAETCH ITHM YHCIOM.

n HAKOHeN, IIoCJIeAHAsA aKCHOMa B CTEpeo-
MEeTpHUH, KaK H B IIJIAaHHMETPDHH, €CThb aKCHOMa Iapal-
JI€JIPHBIX HPAMBIX.

20. B m1060if MIOCKOCTH Yepe3 TOYKY, He JIesKAlyIo HA JTaHHOH IMpaMoit
3TOH ILTOCKOCTH, NPOXOAMT TOJBKO OXHAa NpAMAasdA, napajieasHasd
JAaHHOH.

B IX xmacce (I'eomerpus, 7—9, IpuioxKe-
HUe 1) MbI y2Ke MOBODHJIHM O TOM, YTO, ONEPASCh HAa aKCHO-
MBI, MOJKHO peIlaTh 3aJau¥ M AOKA3LIBATL TEOpPEeMEI 0es
NPHBJIEYEHNSI KAKUX-JIH00 MHTYUTHBHEIX INpEeACTABJIECHMN
0 CBOHCTBaX reoMeTpudeckux uryp. B xauecTse npumepa
NPUBOAMIOCH [IOKA3aTeJILCTBO TEOPEMEI, BhIpaKaroei
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IEepBLIA NPH3HAK PaBeHCTBA TPEYTrOJbLHUKOB, OCHOBAHHOE
Ha axcuomax. IIpmBeseM eme HECKOJBKO NPHMEPOB.

3amaua 1

JloxaszaTh, UTO HA KAXKJOM Jyue €CTh XOTHA 6bl
OJHa TOYKa.

Pemenue

PaccmoTpum Jyd ¢ HawanoM A, ABAAOIMuiAcA
yacTpio HpsaMoi a. Ha npsaMoi a ecTs xoTst OBl OgHA TOU-
Ka B, ornmuHas or Touk A (akcumoma 1). Ecnim touxa B
JeXUT Ha jgyue (puc. 244, a), To oHA ¥ ABJAETCH TOH TOY-
KOM, CyLIeCTBOBaHHE KOTOPOH MBI JOKashIBaeM. Ecju xe
Touka B xesxur Ha mpoaoskeHuu jgyda (puc. 244, 6), TO
IOCTYNHM TaK: Ha JIyue OT ero Hadaja OTJIOKHM OTPe3OK
AC = AB (akcmoma 12). Torma touka C Oyzer JeXaTh Ha
ayde. YTBepxAeHUE NOKA3AHO.

3amaga 2

Jlokasarb, UTO ecJM TOYKA A JIeKWUT Ha IIpPA-
MO @, a ToukKa B He Je)KUT Ha 3TOH HIPAMOI, TO BCe TOYKM
ayua AB mesxar B OgHOI MOJYIJOCKOCTH C IDaHHIIEH 4.

Pemenne

IIyeres C — mpousBonbHasA Touxka ayua AB,
ormyuuHasg ot B (a ecTs iu Takana Touka? OTBeT Ha 3TOT BO-
Ipoc HAWJHNTEe CaMOCTOATENbHO). JlokakeMm, uTo Touka C
JEeXHUT B TOH »Ke MOJYIJIOCKOCTH C IPAaHMIEH @, YTO M TOY-
ka B. Ilockoabky Tourkn B u C jnexaT 1o OZHY CTOPOHY OT
TOUKHM A, TO Mo aKcuoMe 7 TOUKA A He JIE)KUT Ha OTpe3-
ke BC. IToaToMy ecau NpeamoJIOsKUTh, YTO TOYKH B u C
JIeXAaT B Pa3HEIX MOJYILTOCKOCTAX C I'PAHUIEH d, TO MOJy-
YUTCA, YTO OpAMAas a mepecekaer oTpesok BC B Toure D,
oTauuHOi oT A. MHBIMH cjoBaMHu, OKaxKeTcs, YTO uUepes
Touku A 1 D npoxoaar jse npamele: a u AB. Ho aTo upo-
THBOpEUUT axcuoMe 3. CrexoBaTe/NbHO, HAIIEe IPEAIONO-
Kenue omuboyHo — ToukM B m C JesKkar B OJHOH NoOJy-
IUIOCKOCTH C I'paHuIlel a, 4To u TpefoBaNoch JOKA3ATh.

IIpn HM3ydYeHMH TEeOMeTPHH MBI HEOTHOKPATHO
HMCIIOJIE30BAJIY MOHATHE BHYTpPEeHHei 06J1acTH HepasBepHYTO-
ro yria, onupasch IPH 9TOM Ha HaTJIAAHEIE MPEACTaBJICHHUS
06 yruax. IIpuBeZileM Temeps OmpefesieHHe S5TOr0 NMOHATHS.

BuyTrpenHeil 061acThi0 HepasBepHYTOro yria
AOB ma3bIBaeTca 00mAA 4YacCTh JABYX NOJAYNIOCKOCTEI:
nmoayniockoctu ¢ rpamuned OA, cogepxamntein Tourky B,
H IOJYIIOCKOCTH ¢ rpanuueii OB, cogep:xamei Toury A.

3agaua 3

JokasaTh, 4TO €CJIH JIYY UCXOJUT M3 BEPIMHHBI
HepasBepHYTOro yrja M IPOXOJHUT uepe3 TOUKY BHYTPEH-
Hell oOslacTM 3TOro yria, TO BCe€ TOYKH Jy4a JIeXaT BO
BHYTpPeHHeH o0JiacTH yria.
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Penrenne .
Pacemotrpum yronm AOB u ayu OC, mpoxopsa-
muid uepesd Touky C BHYTpeHHell ofxacTé 39TOro yria
(puc. 245). Ilockoabky Touka C HpHHALJIEHKUT IIOJIYILIOC-
KocTH ¢ rparuIneii OA, cogep:kainei Touky B, To Bce TOUKU
ayya OC TakKke OpPHHAANIEKAT STOH HDOJNYMIOCKOCTH (CM.
sagauy 2). ITo amamoruunoii npuuwune Bce TOUKHM Jyua OC
MIPHHAAJIEKAT TOJAYIJIOCKOCTH ¢ rpaHunes OB, comep:ka-
mieit Toury A. CiaenoBaresbHO, Bece TouKy ayda OC npuHai-
JexaT oO0miel 4Y4acTH YKa3aHHBEIX IIOJIVILJIOCKOCTeH, T. e.
BHYTpeHHeH oOmacTu yria AOB. YTeep:KAeHMEe OOKasaHo.
3anaua 4
HoxrasaTh, 4TO €CJIM IpAMasA MepeceKaeT cTOPO-
HY AB tpeyroatHuka ABC 1 He IPOXOAWT Uepe3 BEPIIUHY
ATOr0 TPEyTOJBEMKA, TO OHA mepecexaeT jubo cropony BC,
nubo cropory AC.
Pemenue
Hangas npsaMmas pasgeisieT IIJIOCKOCTbL HAa JBe
noaymwiockocTu (axcuoma 9), npudem Touku A u B aexart
B PA3HBIX IOJYILIOCKOCTAX. [JloaTOMY ecin Touka C JesRUT
B OJHOHM MOJYILIOCKOCTH C TOYKOM A, To Touku B u C ne-
JKaT B PasHBIX MOJYIJIOCKOCTAX, a 3HAYUT, LAHHAA IIPA-
mas nepecekaeTr orpe3ok BC. Ecau xe Touka C neXHT
B OZHOH MOJYILIOCKOCTH ¢ TOYKOU B, To Toukm A u C ie-
KaT B PasHBIX MHOJYIIOCKOCTAX, a 3HAUMUT, NAHHAS IpA-
Masd mepeceraer oTpe3ok AC. YTBepiKJeHUE [OKa3aHO.
‘ 3anaua 5
JokasaTb, 4TO €CJH JydY MCXOAHUT U3 BEPIIMHEL
HEpasBepHYTOTO yIja U IPOXOAUT Uepe3 TOUKY BHYTPEHHEH
00J1acTH 3TOrO yria, TO OH AEJHT STOT YroJ Ha ABa yrJja.
Pemenue
Pacemorpum yrox AOB, depes Touky C BHYT-
penneii o6sactu wotoporo mposegeH Jayu OC (puc. 246).
Tpebyerca mAoKasaTh, 4YTO BHYTpeHHHe objiactu yriaos AOC
u BOC nekaT mo pasHBIe CTOPOHBI oT npamoit OC.
IIyers D — npoM3BOJIbHAA TOUYKA Jyda ¢ Haya-
aom O, sBagwOIeErocsa nmpogoxkenueM Jgyda OA. Touxku A,
B u D me nexar Ha npaMoil OC, u 3Ta npsiMas mepecexaer
ctopony AD tpeyroasHuka ABD. CinegoBarensHo, oHa me-
pecekaer nubo cropony AB, nubo cropory BD (cMm. 3ajga-
uy 4). Ho Touxa D He JeUT BO BHYTPeHHeH obiacTm yI-
ada AOB — oHa JeXHAT B MOJYIJIOCKOCTH ¢ rpaHuieid OB,
He cozep:xaimei Touky A. Ilosromy Bce Touxku gyua BD He
NpUHAATEXKAT BHYTpeHHei#l obaactu yriaa AOB (cm. 3aja-
uy 2), a sHauuT, Jayga OC He MOKeET Iepecedb CTOPO-
HY BD — Bce TOUKH 3TOrO JIyua IIPUHAAJNEKAT BHYTPEHHEHN
obaactu yria AOB (cm. 3agauy 3). CiregoBaTesbHO, OH He-
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pecexkaeT cTopoHy AB. 9T0 0O3HauyaeT, UTO TOYKH A u B,
a sHauuT, u ayuu OA u OB (cM. z3agauy 2), JexkaT Moo
pasHble cTOpoHH or mpsimoii OC. Ho Torma m BHyTpeHHHE
obaactu yrooe AOC u BOC nekaT 1o pazHble CTODPOHEL OT
apamoit OC. YTBepxaeHe AOKA3aHO.

Kaxk y:xe oTMeuanoch BO EBEJEHHHU, U3 aKCHUOM
reoMeTpHHU CileJyeT, YTO MPUIHAKKM DPaBEHCTBA M moxo6us
TPeyroJbHUKOB, U3BECTHBIE 3 Kypca IJaHMMETPHUH, cIpa-
BeJJHBEL U JJIA TPEYroJILHHKOB, PACIHOJIOXKEHHLIX B pas-
HBIX IUJIOCKOCTAX. JloxaxkeMm, HalpuMep, TEOPeEMY, BEIpa-
JKAIOMIYIO IIEePBBII NPU3HAK pPaBeHCTBA TPEYrOJbLHUKOB.

Teopema

Lot Waﬁ%@u s B 5y e wﬂpzwf& J&w@ SR LA
Ecm[ JBEe CTOPOHBI M YroJ MeKIy HUMM OJHOTO Tpeyronb-
HHKA COOTBETCTBEHHO PABHBI IBYM CTOPOHAM M YIJIY MeK-
Iy HHMH JPYroro TpeyroibHHKA, TO TAKHEe TPeyroJdbHHKH
PaBHBIL,

JloKas3aTeJLCTBO

IIycrs Tpeyronsamuk ABC pacmosioKeH B ILJIOC-
KOCTH O, & TPeyroiabHHUK A,B;C, -~ B ILJIOCKOCTH O; H AB =
=AB,, AC=AC,, LA=_/ZA, Jokaxem, utro AABC =
= ANA,B,C,, uMeA B BUAY, UTO TIOJ TPEYTrOJALHUKOM B CTe-
peoMeTpun OOBIYHO NMOHHMAKT (UIYDPY, COAEPIKAINYIO He
TOJBKO TPH CTOPOHBI, HO M COOTBETCTBYIOIIYIO BHYTPEH-
HIOI0 006JacTb. PaccMOTpHM HaNOMKeHME, IPH KOTOPOM
yron A coBmemjaercsa ¢ yriiom A; Tak, uro ayd AB coBme-
maercs ¢ aydom A, B,, a nyu AC — ¢ ayuom A,C,. Takoe
HAJIOKeHHe CcyLIecTByerT B cuay axkcuomel 14, Tak xak mo
axcuoMe 12 Ha nyue A;B, MOXXHO OTJOXKUTHL OT ero Hauajga
TOJBKO OJUH OTPE30K, paBHBIN oTpesKy AB, To Touka B
COBMECTHTCA ¢ TOUKOii B,. Amamornuno Touxa C coBMe-
crurcs ¢ Touxkoit C,. CinenopatenbHO, o akcuome 11 co-
BmecTsaTca orpesku AB u A,B,, AC u A,C,, BC u B,C,,
T. €. COBMECTATCSA CTOPOHLI TpeyroabHUKoB ABC u A,B,C,.

JokakeM Telmepb, 4YTO HIPH YKA3aHHOM HAJO-
SKeHUM BHYTPEHHAS 00JacTbh Tpeyroabiuka ABC coBme-
CTUTCA C BHYTpeHHeH o6jacThio TpeyroiabHuKa A;B;C,.
na aToro HY»KHO JOKa3aTh, YTO J0Oas TOUKAa BHYTPEH-
Hell obmacTu TpeyroabHnka ABC coBMeCTHTCA C HEKOTO-
poii Touxoii BHyTpeHHel obmacTu TpeyroasHuKa A, B,C,, u
oOpaTHO: Ha M100yI0 TOUKY BHYTPeHHe# 06,1acTH TpeyroJib-
HuKa A,B,C, HajloXHTCA HEKOTOpPasg TOUKa BHYTPEHHEH
obnactu tpeyrogbHuKa ABC. Ilyets M — mpousBosbnHas
TOYKa BHYTpeHHe# obiactm TpeyroasHuka ABC. Ilpore-
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neM depe3 TOUYKY M Kakoi-HuOyAb 0Tpe3ok PQ ¢ KOHUAMH -
Ha cTopoHax AB u AC tpeyroabanka ABC. Tax kak cropo-
Ha AB cOBMeIlaeTcsa cO CTOpPoHO# A,B,, To Touka P cosme-
CTHTCA ¢ HEKOTOPOiHl Touko#l P, Ha cTopoHe A,B,. Anano-
TMYHO TOYKa & COBMECTUTCA C HEKOTOPOH TOUKOH @, Ha
cropoHe A,C,. Iloatomy no akcuome 11 orpesox PQ coBme-
CTUTCA ¢ OoTpe3aKoM P,Q);, a 3Haunt, Touka M orpeska PQ
COBMECTHUTCA ¢ HEKOTOpOo#l Toukoi M, orpeska P,@;, T. e.
HAJIOKATCA HA TOUYKY M, BHYTpeHHe# 06JacTH TPEyrojb-
auka A,B,C,. Takum ke o6pasoM MOIKHO JOKasaTh M 00-
paTHoe: Ha J00yI0 TOYKY BHYTPeHHeH 06JIacTH Tpeyrojb-
HUKa A,B;C, HamoXKHTCA HEKOTOpaA TOYKa BHYTpPeHHel
obuactn Tpeyroabuuka ABC, UTar, Npu YKa3aHHOM HAJIO-
skeHun TtpeyronasEUKU ABC m A,B,C, TOJHOCTBIO COBMe-
CTATCA, T. €. OHU paBHHEI, TeopeMa JOKasaHa.

3amaua 6

JloxaszaTh, 4TO €CJIi OCHOBAHWE M BBICOTA OX-
HOH IpAMOM TPeyroabHON MPU3MEI COOTBETCTBEHHO PABHELI
OCHOBaHHIO M BERICOTE IPYrOod NpsSMOil TPEeyroJlbHON HpHU3-
Mbl, TO TaKHe TIPASMLI DaBHBI.

Pemenue

IIyecre npsameie npuamel ABCDEF u
A,B,C,D,E \F, nveor paBuble ocHoBanusa ABC u A,B,C,
u pasHbie BeIcOTBI AD n A,D,, npuuem AB=A,B,,
AC=A,Ciu LA =LA, IlonrynpocTpancTBo, rpaHnIei Ko-
'TOPOro ABIAETCA ILTOCKOCTh ABC, comepxamiee Touku D,
E u F, o6osHauum 6ykBoit H, a MOJyIpOCTPAHCTBO, FPAHM-
e KoToporo fABJAeTCA IJIOCKOCT: A,B,C,, comep:kaiuee
rouku D,, E, u F,, o6osnauum H,.

PaccMoTpuM HaloKeHHE, IPH KOTOPOM YTroJ
A coBmemaeTrcda ¢ yrioMm A, Tak, uro ayud AB cosmelna-
erca ¢ Jayuom A,B,, nyu AC — ¢ ayuom A,C,,
a moaynpocrpancTBo H coBMemaeTcs ¢ DOJTYIPOCTPAHCT-
BoMm H,. Takoe HanOKeHHe CYIeCTBYeT B CHJIY aKCHO-
Mel 14, IIpm 3TOM HanoXeHMHM TpeyroJlbHUK ABC (T. e.
€ro CTOPOHEI U BHYTPEHHAA 0071aCTh) COBMECTUTCH C PaB-
HBIM eMy TpeyroabHuxrom A,B,C,. [lanee, n1yu AD coBMe-
CTUTCA C HEKOTOpPHIM Jaydom A,D,, pacnoso:xeHHbIM
B moaynpoctpasHctee H,, moatomy yramt DAB n DAC
COBMECTSITCH COOTBETCTBEHHO ¢ yraamua D, A B, u
D, A,C,. Ho tak kax yrasi DAB u DAC npsamsie, TO YIJhl
D,A B, u D,A,C, rakKe OpaAMEle, a, 3HauuT, Jayy A,D,
NepnedajuKyndapeH K mniaockoct™a A,B,C, u, ciaenoBaTeis-
HO, coBIaznaerT ¢ aydom A;D,. Hrak, npn yKazsaHHOM Ha-
noxeHNH ayu AD coBmecTHTCH ¢ AyYoMm A,D,, a Tak Kak
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AD = A,D,, ro rouka D coBmecTHTCs ¢ TOUKO#A D,. AHa-
JorudyHo To4KM E B F CcOBMECTATCA COOTBETCTBEHHO
¢ toukamu E, u F,. Cnegosarenpno, ocHOBanme DEF
n 00KOBEIe pefpa OZHOH NMPU3MEI COBMECTATCH COOTBET-
CTBeHHO c ocHoBaHueM D E,F; n OOKOBLIMH pebpamu
apyro#i mpusmbl. HeTpyaHO AOKasaTh Tenmepb, 4YTO NPHU
3TOM COBMECTHATCA M COOTBETCTBYIOUIHMe OOKOBLIE I'DAHH,
a Taki)Ke BHYTPEHHME TOUKM HPU3MBEI. OTO MOXHO Cle-
JaTh MOJOOHO TOMY, KaK IIPDH J0Kas3aTeJbCTBE TEOPEMBI
0 IepBOM MPH3HAKE pPaBEHCTBA TPEYTrOJBLHHKOB O6ELIO
IOKasaHO COBMeIl[eHMEe BHYTDEHHUX obJjacreil Tpeyronab-
HukoB ABC un A,B,C,. Tarum o00pasom, NIpH3MEI
ABCDEF u A,B,C,D.E,F, TOIHOCTBI0O COBMECTATCSH,
T. €. OHM PaBHBI.

Anajnornyso MOJKHO [JOKa3aTh pPaBeHCTBO
IBYX IOPAMOYTOJNbHBIX HapajjielennunenfoB ¢ COOTBETCT-
BeHHO DaBHLBIMHM H3MEDEHHMAMH KM PABEHCTBO [ABYX Mpa-
BUJLHLIX IIMPAMHKJA C PABHLIMH OCHOBAHHAMM U PABHELI-
MH BBICOTAMH.

B 1X xnacce ('eomerpma, 7—9, npuiaoxe-
Hue 1) MBI y3Ke TOBOPHJH O TOM, UTO HEKOTOPLIE M3 IIDH-
HATHIX HAMH aKCHOM MOTYT OBITH OJOKAa3aHBI HA OCHOBE
OCTAJBHBIX AKCHOM, T. €. (MAKTHYECKH 3TH YTBepkKIe-
HUA ABJIAIOTCA TeopeMaMu, a He akcuomamu. Tak, Teo-
peMaMu ABJAAIOTCA YTBep:KAeHUA akcmom 5, 8 m 10,
¥beruTech B 3TOM CAMOCTOATEJIBLHO.

Ecan crpemurhcs K TOMy, YTOOH CBECTH KO-
JUYECTBO aKCHOM K MHUHHMYMY, TO akcuomy 17 cneamyeT
chopMyIMpPOBATL MHAUYE:

Ecau cdurypa ®, paBHa cdurype ®; m ¢purypa P, pasna obury-
pe ®;, 10 purypa ®, pasma durype PD,.

ITpu raxoit GopmMynmpoBKe MOXHO OyieT oT-
KasaThCA OT aKCHOMBLI 16 — oHa mpeBpaTHTCA B TeOpeMy.
B camowm pgene, gomnyctumM, uro durypa ® pasua dpurype @,,
M JOKa’KkeM, 4YTo Torga U ¢urypa P, pasHa durype .
Hmeem: @, =@, (akcuoma 15), @ =P, 00 YCIOBHIO.
CnegoparenbHo, @, = @, 4T0o U TpebGOBANOCE AOKABZATD.

TaxuM o06pasoM, MJis MOCTPOEHMS Kypca Teo-
meTpun Obto OBl JocTaTouHo chopmyaupoBaTh 16, a He
20 axcuomM.
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OTBeTHI M yKa3aHUA

Beegenune

3. a) Ha; 6) mer; B) HeT; 1) Her. 5. Beckomeunoe MHOMecTBO. 7. Her. Y K a-
3aHHe. BocnoabzoBaThca akcuoMoit A, 8. a) Her; 6) za. 9. Ja.
10. a) Ha; 6) mer. 12. Ha. 13. a) Her; 6) mer; 8) pa. 14. Tpw naockocrw,
€CJIM IPAMEIE He JIeXAaT B OZHOM MJIOCKOCTH, M OJHA IIJIOCKOCTD, €CJIH NMPAMEIe
JIeKaT B OZHOM ITJIOCKOCTH,

Iaasa 1
17. 26 cm. 18. a) 3,5cm; 6) 12cm. 20. Her. 27. 48 cm. 28. 813—CM.

29. 6 cm. 33. Yrazanue. [Iycrs 0, B 1 Y — JaHHBIE IUIOCKOCTH, a 4 — JIH-
HHS TepeceueHnd IJIocKocTred o u J. PaccMOoTpeTh B3aMMHOE PACIOJOMKEHMe
npsMoOit @ u miaockoctu Y. 34. a), 6) Ilepecekaiorcs; B), I’} mapajijielbHEI;
1), €) cxkpewguBaromueca. 37, a) Ilepeceraroresa; 0) CKpemHBalOM[yecs.
40. a) Her; 6) na, upamasa MN. 41. Her. 42. a) Ilapanneasssi; 6) 100 cwm.
44. a) 40°; 6) 45°; B) 90°. 45. a) 50°; 6) 59°. 46. a) 90°; 6) 64°. 49. Her.
54. 6) 12 cM>. 56. Y kasamuue. BocmonnzoBarses sagaueit 55. 7. Yrasa-
vue. BocanosnbsoBarecs 3agaueii 56. 60. Y xaszanue. Bocrioap3oBaThea 3a-
nadeii 58. 63. a) AA, =18 cmM, ABy, =15 ¢cm; 6) A,B, = 54 cm, A4, = 72 cm.
65. a) Ilapanmenorpammbl. 66. Tpu maprr pebep. 67. a) =17 cm, =23 cwm,
~29 cM; 6) ~146 cm?, =210 cm?, =180 cm> 72. YrasaHwme. a) YdecTs, uT0
cerkymiasa MJI0CKOCTb MPOXOAUT udepe3 cepeguHnl pebep DB u DC terpasapa;
0) ydecTb, 4YTO CeKylluasd ILUIOCKOCTL IepeceKaeT GOKOBLHIe IDAHH TeTpasapa
0 OTpe3KaM, NapallelbHbIM CTOpoHaM TpeyroapHuka ABC. 73. 22 cm.

74. 6) g— 75. 6) 6 cm®. 77. 8cm, 10 cm, 12 cm. 79. a) IapasrenorpaMmm

ABC.D,; 6) napamresorpamm ACCA,. 81. Touxa nepecedeHHA MNPSAMEIX:
a) MN u BC; 6) AM nA,B,. 82. YkasaHue. 3a7aua pelllaeTcd aHAJOTUIHO
sagade 2, m. 14. 83. YxasaHwue. CHAYaNa [IOCTPOUTH OTPE30K, O KOTOPOMY
ceKyinas IJIOCKOCTL IlepeceKaeT rpals: a) AA, D\ D; 6) ABCD.84. YkazaHue.
CHagasa MOCTPOHUTH OTPE30K, MO KOTOPOMY CEKylaf MJOCKOCTh IepeceKaerT
rpaubk ABCD. 85. Ilapannenorpamm BKD,L. 86. Yxasaunue. CHauana mo-
CTPOUTH TOYKY NepecedeHud ceKymiel miockocty ¢ pebpom DD,. 87. Ykasa-
Hue. CHaYaIa IOCTPOUTH OTPE30K, II0 KOTOPOMY CEKYINas IIOCKOCThL mepece-
kaer: a) rpaEs BCC,B,; 6) rpaup AA, D, D. 88. 6) 12 cm. 90. IIpamaa CD:
a) napaJienbHa IJIOCKOCTH O; 6) IIepeceKaer IJIOCKOCThL O 92. YKa3aHHe.
HcnoansoBats csoiicto 2°, 1. 6. 93. MN u b — CKpelHBAOIINecH IIPAMEIE.
94, da. 95. Yxasaune. HcnoassoBaTte 3agauy 55. 98. CyiiecTByer TOABKO
oaHa miIockocTk. 100. Yk azanue. UcnonarsoBaTe BTOPYIO TeopeMy II. 7 U 3a-

zauy 59. 102, 10 (2\/§ +1)cm u 25411 em?. 103. 4% em®. 108. Ykasanue.
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[TpepBapuTenbHO AOKA3aTh, 4TO miaockoctu ADA,, BDB, u CDC, nepecekaror-
csa no npamoit. 112, YkazasHune. YuecTs, UTO CyMMa KBaJApaToB AuaroHajiet
napaJjijieJlorpaMMa paBHa CyMMe kBazgpaTos ero cropoH. 113. IIpamas BD,.

Tsrasa I1

TNy
118. ZAOB, /MOC u ~DOA. 120. ﬂa‘ﬁf‘—. 121. 13 cm. 122. KA =

=KB=20cm, DA=DB=32cM. 125, 9 cm. 126. TIpAaMoyroabHBIMH.
130. a) MA_=\/m2 +n%2, MB=m, MC=+Jm?+n2, MD=+m? +2n?;

6) \mz +%n2, m. 186. Ykazanue. BocmonpsoBarscs 3sagaueir 134.

138. a) — %, dtgg; 6) mcosp, msing. 140. 3cv. 141. 3 cm.

cos @

142. 2,5 em wam 1,5 em. 143. 2 cm. 145. 6) va? +b2. 146. YkaszaHHe.
BocmosibsoBarhesi TeopeMoil 0 Tpex NIepHeHAHKYAsApPax ¥ o0paTHO# K Heii.
149. 4cv u 410 cm. 150. a) 2cm; 6) 4v2cm. 152, 8 oM, 8 am,
45 nv, 45 am, 8 zm, 642 mm. 154. a) 15cM; 6) 75 cm?. 155. 6 cm.
156. Jn? + m?2 sin? (;; 157. 6) 5,1 am. 158. 12,5 cm, 12,5 cM, 25 cm, 25 cm.
160. 12 cM. 161. Ykazaunue. Ucnoab30BaTh MEePIeHANKYASADH, IPOBEAEH-

e
Hble M3 ToYKH A K opameim BC u BD u x mmocxoctu CBD. 163. a) N2,

2 b
0) i; B) d_\/§_ 164. 60°. 165. 3d. 168. L 170. 1cmn ‘/—ZCM. 171. 45°.
2 2 sin @ 2

172. 64/3 cv. 173. 90°, 45° u 60°. 174. 60°. 175. cos o = %, o = 70°82".

176. 8/2.179. Yxasanue. BocmonszoBarscs sagaueir 178. 180. Ykasa-
Hue. BocmombaoBarbes samadeit 179. 182. 6) vm?2 +n2. 184. a) 5v6 cwm;

I3 3
6) 542 cm. 187. a) v6; 6) 17; B) 13. 188. ¢+/3. 189. a) ’”;2; 6) %.

.
190. a) 90° ©6) 45° B) tg ¢ = 1 ¢ =~ 26°34'. 192. ¥2 193. a) Vd2-m?;
2 2

2_ .2
6) vm? —n?%; Bm) n\/me___ 194. a) af; ) a66_ 195. 6 cv, 6cm

n 62 cm. 198. 4 cm. 199, Yrazanue. IIycrs Touka O — MpOEKIIUS TOY-
Ku S HA NJIOCKOCTL TpeyroJdbHMka. JokasaTe, 4To Touka O coBmajgaeT ¢
roukoit M. 201. 90°. 202. 543 cm. YkasaHnne. Bocnonbaona'rbca\/cgna-

" a a 2na 3v3a?
yeit 199. 203. 5 cm. 204. a) s 21_'gq),ll+4tg2(p; 6) E; B) Hglq
205. 3,5 om2. 206. 25 cm. 207. 8 cm. 208. 946 cv. 209. Paccrosmme or
TOYKM B [0 IJIOCKOCTH Ol MeHbIle PACCTOSHUA OT TOYKKM C A0 3TOH ILIOCKO-
cru. 211. ay/2. 213. cos¢ = % ¢~ 70°33". 214. 60°. 215. %Wcm.

216. 2a. 217. 24122 nu.
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I'masa 111

219. 13 cm. 220. 26 cm. 221. 821 cm?. 222. 45°, 135°, 45°, 135°.
223. 8 cm u 843 cm. 224. 16/7 cm?. 225. 45°. 226. 243 cm®. 228. 802 cm?.
229. a) 450 eM? u =536 cm’; 6) 384 ,I[M2 " 672 om’: B) 69 am?
u =97 am% 1) 0,2 M2 u ~0,8 M2 230. 75 cm>.  231. 20 (23 + 6/3) cv’.
232, 2d2 sin ¢ (Jeos? ¢ —sin2 o +sin o). 233. 180 cm?. 234, 580 cm®.

242 cos b sin @
235. 2 _4 . 236. Yxazaunue. YuecTb, UTO OOKOBHIE I'DaHM
sin E
HAKJIOHHOM OpPM3Mbl ABJAAIOTCA mapasierorpammamu. 237. 240 cm®. Vka-
saHHe. Bocmoassosareca samagenr 236. 238. 2016 cw?. 239. /58 cm,
V58 cM, J65 cm, V65 cv. 240. 768 cm’. 241, (2\[31 + 22) m?, 242, a) 43 cn;

6) 48 (V2 + 1)em®. 243. 192 cm®. 244. 790 cm?. 245. 8 (3 + 33 +/6) cm?.

246. 6) 189 cm?, 248. 482 cm?. 250. 643 cv?, 251, 13 cm.
lopr2 2
252. 12 ecm. 253, 12 cm. 254. a) M; 6) 2 arcsin —30———~—;
3 2J9H2+3q2
f_ 2 2
B) arctg ‘[—H, r) arctg ZJ—H, o) 2 arctg ta . 255. ——,/ L hd
256. a) - a 6) — B) arccos [tg g—); r) 2arcsin V2 .
2 sin% 2sin(—;— 2 cos %

257. 3J3 (1+V2)h2. 258, 72(1+7)cm 259. 35 cm. 263. a) Tpanenus.
264. 3a%. 265. 54 cm?. 266. 13 av?. 268. 7 am. 269. gJE aM, /3 am.

270. 16 cm?. 276. a) Oguu; 6) He wUMeeT; B) He WHMeeT; T) OWH.
277. a) BeckoHeuHOe MHOXecTBO; 06) Tpu; B) AeBAThb. 278. a) Ilarte; 6) ue-
THIpE; B) TpM HJA mlecTb. 279. 60°. 280. Ilromanes ceueHHMs, IPOXOLAIIETO

azw/g

Yepe3 AMAroHaJHU CMEyKHBIX TrpaHeill, paBHa . IInomanas cedenwms,
IPOXOZALIEr0 Yepe3 AMaroHaJH INPOTHBOIONOXKHBIX TpaHeil, pasHa aZ2+/2.

2 2
281. /3. 282. 90°. 283. a) < 9‘/5; 6) Z 9«/5' 284. IIpaBwJBHBIA OKTa’ap.

286. a) mz_‘/zih; 6) n=%m 287. a) av2;  6) ga; B) @
cos | o—=
290. 242 1? _We‘*_\/sin (8 +¢)sin (8 - ). 291. 24 sin ¢ (cos 8+

+/sin (6+9)sin (B-0)). 292. 4,8 cm. 294. 4/S2 —at wm 22S,.
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NEY X

296. ———Eﬂ VYrazauume. YyecTh, UTO HCKOMOE CeYeHHE SRBJIAETCH TPa-
sm
¢ o
nenmeit. 298. 2a? + 2av4b? —a?. 299. 0,5m. 800. [IpaMOyrorLHUK,
S—— 301, 46 cm. 302. 5cm, 5cM, 6 cm, 6 cm. 303. 288(3+J—)cM

305. 2r? tg a. 306. 4% tg? w(nm]. 307. a) %—ab. 308. 4 cM, 4 cm,

4 cv, 4cm. 309. ———,ZI;M 310. 540 cm?. 811. a) 315 cm%;  6) 7,2 cm.

312. tg ¢ cos 180 . 313. 54 nv®. 314. 56 cm, 24 cv. 319. Tpu.

Iaasa 1V

320. a) 3 cm, 4¢cM, 5cem, 1,5 em, 2 cem, 2,5 cm; 6) 4 em, 3 e, 5 cm, 2 om,
2,5 cm, 321. a) 12 cm, 8 cm, 9 cm; 6) 15 em, /145 cm, 17 cm. 323, a) MN =
=€_215, Q—I—\Z=I;I_>V, 55=13_C>; 6) kBazpar. 324. a) Hda; 6) ma; B) Her.

325. a) IlapanjaenpHLl MK COBNafaloT; 6) mMpAMAas HmapaJJelbHa HIOCKO-
CTH MJK JIEXKUT B Heil; B) IIOCKOCTH NapaljielbHbl, IepeceKalnTcs UIH COB-

magaioT. 326. a) CTC:; 6) DK; B) A—l_él; r) CTEI; o) 1\751. 327. a) AC;
6) AC,; B) C,B; 1) DB,; n) DC,.329. a) BC,AD,A,D,,B,C,; 6) AB,,DCy;
®) CD, BA, B/4,, C,Dy; 1) BjA,, C,D,, CD, BA. 333. a) 0; 6) DB.
335. a) PQ; 6) AK; B) CP; r) 0. 336. a) AC — DC — BD; 6) DC + CB - D4;
B) —(17;4+C—'_5+1—3_5). 337. a) A—ﬁ+6i; 6) A_K); B) 0. 338. Yxasanme.
Yyecrs, 4TO &—JAI =O—C)'——6(’Z'1. 339. a) Cl_ﬁ; 6) E 340. a) Xé;
6) CB; 8) BC. 344. a) -1; 6) 2; B) -%. 345. a) —2EF; 6) -3 DC
346. -%(EHEE). 347. a) 57 —-9m; 6) 2p —13m —-3n. 355. a), B).
356. Jla. 358. a) AC,; 6) DB,; 8) DB,;r) A,C; n) BD,. 359. a) BD, = BA +
+§é+B_§1; 6) BD, = A,A-A,B+A,D,. 360. a) —%Xél, ‘%}Zﬁl;

w/19+4 k—q\/19+4«/§, 2""1\/10 g—'i;. 361. CD =
a

=0- AAI ~AB+0- E,Dp:-%ﬁ +%A_’—%AD.363.0_13=5—5+E,
OTI=% a+0- b+% .364. AK = E+%E+Z,|ﬂ’c| §m365—a+ 15+0-¢,
%Z izh% .367. DK=0,7DA +0,15DB + 0,15DC. 368. a) AC = AB + AD:

6) cTw’:-EAB—A—B; B) cfﬁ:-ﬁ-%iﬁ; ) ATV:O-&H%XB;
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e

) MD=——;—E+A—5. 369. OA = 30M —~OB -OC. 370. a) D—1\7=%5+
1—) 1—> — 1—-» 1—- 1-» —)__ l-» l-) ——>=l->_
+§b+§c,6)DK Z +Zb+Z B) AM = +3b+3 r) MK 4a

~ég—ég 371. Ykaszanue. Bocrmonawsosarecsi 3agauamu 350 u 366.

373. Her. Ykasaunue., CHauana HOKasaTh, 4To M, — TOUKa NEepECEUEeHUA
mexnmaH TtpeyroirsHuka A;B,C;, a 3aTeM ROCIOJIB30BaThCcA 3ajadeil 366.

379. a) R; G) A_ﬁ; B) 0. 380. a) El; 6) 1_1?11; B) DB. 381. Yrasaumne.
Crauana 10KasaTh, 4TO AB = A-,—gl, BC = B_l_él, CA = C_l;l)l. 382. a) k — mro-
G6oe; 6) B >0;8) R<0;r) k=-1.386. Ykasauune, CHavYana 10Ka3aTh, 4TO

MO = i(m+l\/fﬁ+]\l—é+}\4—ﬁ). 387. a)30N — 20M; 6)20M — ON; B) kON +

+(1—k)-6j\7.f. 389. Crmauana zgoxasaThk Komnnanapﬂoc'rb BEKTOPOB Aﬁl,

4737 kq
27a?

kq, B) ——kg; 1)

A,B, u A;Bg. 390. a) 32 kq; ©)
2a

391. AK = 1a+

FNYTN

la+15+ 12 av2. 40, = E+6+r;CAl=—p—q+?;§fh=5—
—p+r; DB, =-q+p+r1. 393. a) EI?:XE+A3+%A75 6) DA, = AB, -
—B_C>1 +C_D>1. 394. AJ_W)=%A_§+A___5+%A—ZI.395. YrasaHue. CHauasa g0-

Ka3aTb KOMILIaHAPHOCTE BEKTOPOB A_Zl, 1§_1§1 31 a)')l. 396. BC = ¢ —b,
63 =J—E, D—é = I;-g, DT\?: %5+%Z—3 397. % 398. YraszaHue. Boc-

I0JL30BaThCA 3amaueil 366. 399. YV x asanue. Bocriosn3oBaThesa 3agaueit 397.

Taasa V

400. a) C;6) E;B) B;t) A,C, E,H; n) B,E,G;e) B, C, D. 402, B, (1; 0; 1),
C(0;1;1), C,(1;1;1), D,(1;1;0). 403. a{3; 2 -5}, b {-5;3; -1},
c{l;-1;0), d{0;1;1)}, m{-1;0;1}, 7 {0;0;0,7). 409. a) {7; -2; 1};

7 0. 11 < 1 0. 11 _x1l.22. 1), 1. 50 1).
6 72~k ») (5L 0 [-sgiski-tzh wfgi-2ah
e) {7; -1,8; 1}; x&) {7; -2,2; 1}; 3) {10; —2; 2}; u) {6; —-3; 0}; x) {0; —-1,2; O};
1 {%;"%;21_1}; M) {-0,4; 0,2; 0). 410. p {4; -18; -9}, g {5; 15; —5}.
411. a) {0; 5; -1}; 6) {-3; 2; 1}; B) {7,8; 2,5; 4,1}; r) {-8; 9; -3}.
412. -i {-1; 0; 0}, -] {0; —1; 0}, —% {0; 0; -1}, —a {-2; 0; 0}, -B {3; -5; T},
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-c {0,3; 0; -1,75}. 413. B) Het; r) ma; n) Her.- 414. a) m =10, n = 1%;

6) m=0,1, n=-2. 415. a) Ja; ©6) Her; B) ma; Z) Her; e) HeT.

418. a) {-1; 0; 2); 6) {5; -T; 2); B){—— —%;—%}. 419. 4B =7 -3} - 35,

BC =-5i + ] + 6k, CA =4 + 2] - 3F. 420. a. 421, 6) JIa; B) uer. 422, a) [a;
6) wer; B) ma. 423. Yrasaumume. BocnonnzoBarecs 3ajgaueir  366.
424, a) M (-1; 2,5; -2); 6) B (—8; 4; —19); B) A (—24; 8; 28). 425, a) m =2,
n=-56) m=-0,6, n=2;8) m=1, n=-1;r) m=2, n=-1. 426. a) 3;
6) 17.427. |a|=5+3,]6|=17,|c |= +/3,|d |= 2, |m|= V5. 428. a) V6; 6) 24/14;
8) 0; 1) 5v2; m) 3V14; e) 14; x) +/326. 429. +/14. 430. a) 3+ 22; 6) 0,5;
T8, 78

47 47
B) IPAMOYIOJIbHBIN DPA3sHOCTOPOHHMIA; T') HDPAMOYTOJBHBIH DaBHOOEADEHHBIN.
432. a) 4, 4, 3; 6) 42, 5, 5. 433. (0; 2; -3), (-1; 2; 0), (-1; 0; -3).
434. (3; 0; 0), (0; —4; 0), (0; 0; V7). 435. 3,75; 2; 4; 1-24/2 u 1+242,
436. Yxasanue. [Morasars, uTo: a) Toukun A, B u C He .JTexaT HA OTHOI

431. a) IIpaBuabHbIH; ©0) NPAMOYrOJBHBIA pasSHOCTOPOHHMIMA;

npamoii; 6) AB u DC — HepaBHEIe COHAITPAB/IEHHBIE BEKTODHI; B) |E|= |CB |

437. a) (<1,6; 0; 0); 6) (0; 8; 0); B) (0; 0; 1). 438. a) (3 17, 0] 6)[0; 1;%);
w) (-5:0: 1) 439 &) (2:3;0), V18; 6) (2 8 -1). 440, o+ Do mt

441. a) 45°; 6) 135° B) 60°; r) 45°; nm) 90°% e) 90° :x) 0°; 3) 180°.
442, BA DC = ¢, BACD = AB DC = 180° - ¢. 443. a) a%; 6) —24%; B) 0; 1) a%;
n) a? e) - ,x{) -34%. 444.a¢=8,a5=0,6¢ =3,aa =6, JBb =43.
445. a) —10; 6) 3; B) 1; 1) —4; 1) 28. 446. a) Tymnoii; 6) ocTpeIii; B) Hps-
moii. 448, a) 5,5; 6) 3,5; B) 4. 449. m =4, 450. Yxaszanwue. [Jokazars,
wro AB=DC, AB AD =0, |AB|=|AD|. 451. a) 60° 6) 135° B) 150°
RN 3 O
r) 45° nx) 90°. 452. g i = 50°46’, a j = 63°26’, a k = 50°46". 453. 60°.
454. LA =120° /B=/C=30° P=22(2++3) S=23. 455. a) ‘/—;3_;
6) —%; B) 0. 456. 90°. 457. 3. 459. a) 1, %; 6) V3, /2.461. Yrasanue.
BripasuTs BeKTODHI MN u BC yepea BEKTOpr a= l—)_A’ b= D_é ¢ = DC.

462. a) -1; 6) -1,5; B) 4; 1) V2; 1) 2;e) ———, ) \/— . 464. a) 30° 6) 60°;

B) 0° 1) 45°. 466. a) —5—; 6) —2—; B) —L_; 1) ﬂ. 467. a) =71°34’;
V29 58 V8T’ V29
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, 3 9 5 10 3
6) =59°44’. 468. a _—_ 6 —— B) ——. 469. a =3 6 H
) ) V70 ) 4130 ) <182 ) V134 ) 4134

470. a) %; 6) %; B) % 471. Yrasanue. IllIycte ABCDA,B,C,D; —

B)

5
V134’
nanaeiii ky6. Tpebyercs, Hanpmmep, nokasars, 4To AC, 1 A, B. Pasnoxurs
BEKTOPHI Z(:'l " A1_§ O BeKTOpaM a= A—ﬁ, b= E, ¢ = A_[ll U IOKAa3aTh, YTO

AC, - A;B = 0. 473. 60°. 475. |70+ 15J2. 476. 45°. 477. Vxazanne.

JoxasaTs, 4To AK-BD =0.479. Yxasanue. PaccMoTpeTs nJIoCKOCTh, IIPO-
XOAAIYIO Uepe3 LEeHTDP CUMMETPHH H JaHHYIO IIPAMYIO, H CBECTH 3a/a4y K 3a-
paue 1149 u3 yuebuuxa «I'eomerpus, 7—9». 481. YK asanue. Bocroabao-
BaThCA CJIEAYIOIIUMH CBOICTBAMH ABHKEHU: DU ABHYKEHHUH npsamas orobpa-
;KaeTcAd Ha NMPAMYIO, HapajljiejibHLIe IIPAMbIe — Ha NapajijiejbHble HpAMEIe,
a yroja — Ha paBHEIH eMy yroj. 484. YxaszaHue. YuecTb, UYTO IAPAJJIENb-
HLIH mepeHoC eCTh JBH)KEHHe, II03TOMY NIPU napajiieJbHOM IepeHoce paMas
oTobparkaercs Ha UpAMYIO. 485. Ykazanue. Joxa3zats, YTO
WI = XZI = 5 487. Ykasanue. YTBep)KJeHNA JOKAa3LIBAIOTCA TOYHO

TaK Xe, Kak B Teopeme 1. 114 u B 3amaue 1150 u3 yuebuuka «TeomeTpHus,
7—9». 488. YkazaHue. a), 6) JoxaszaTeasCcTBO IPOBECTH METOLOM OT IIPO-
rusaoro. 490. a) {3; 9; -24}; 6) {-1,6; -2,3; 4,3}. 491. a) Her; 6) xa;
B) gna; r) Her. 492. a) (-1; 0; 0); 6) (0; —2; 0), (0; 0; 2). 493. a) Ha; 6) 7na;
B) Her. 494, YraszaHwue. JJokasars, uTo: a) Touku A, B u C He nexxaT Ha

onmoi upsamoii; 6) cepeauuanr orpesxos AC u BD cosnanmaor. 495. (7 S, 3)

3’3’
496, C (6; 5; 5), D, (9; 4; 1), B, (4; T; 4), C, (8; 8; 4). 497. a) 1; 6) —2; 5) 0.
2,1, 2] (1 _ J7. J28.
498.{3,3, }{J_J_ }49941,[314450015012{ 7, J29

502. (0; 42,4; 0). 503. (1; 1,5; 1,5). Ykasauue, Yuecrs, uto LACB = 90°.
504. 6 oM. 505. YxazaHue. BRecTu cCTEMY KOODAHMHEAT M 0003HAYUTE KO-
OPAWHATHI BepIIMH JAaHHOTO TeTpasipa ABCD rtak: A (xy; ¥y, 21), B (x5 Y3 29),
C (x3; Ygs 23), D (x4 Yy5 24). YdecTb, YTO TOUKA IepeceueHHsS MeAMaH
Xi+Xg+x3+txy Yr1tyst+ystyg 21+22+z3+z4)-

4 ’ 4 ’ 4
06. a) 3; 6) -38,5; B) 5; r) 7; a) —-10. 507. a) 135° 6) 60°; B) 67°30",

nMeer KOOPDINHATBI (

508. a a; 6) ma; B) ma; r) mHer. 509. a ——-2—; 6) 2. 510. a 90°;
) I ) A ) & ) ) A ) ) )
~114°0&" . L- 5, 4. 3
6) ~114°06’. 511. a) J6; 6) V2. 512. a) 5 0 gz B 1) iy
3
513. 515. 45°. 516. sin 8 cos @. 517. n?2 + m? + + pn.
8) = 38 T ¢. Jn? pP+p

518. YVkasanue. a) JlokazaTb METOAOM OT IPOTHBHOro; 6) mycTs M — TOYKa
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mepecevyeHNA MNpPAMOK @ € IJIOCKOCTBIO ¢, A — ToUKa Ha IIpAMO#A a,
B u C — TOYyKH B MJIOCKOCTH ¢, OTJIHM4YHLIE OT ToYKH M. K Tpeyroabuukam
AMB n AMC npumennts teopemy [udaropa. 519. Yrasanue. Pacecmor-
peThb JuHelHbIe YIIbl JBYTPAHHBIX YIJIOB, 06Da30BAHHBIX IJIOCKOCTAMH C. U J3,

oup,. 520. YxazaHne. B3aATh Ha ITOCKOCTH (L JBE Iepecexaiomjuecs Ips-
Mbie H BOCHOJIB30BAThCHA 3amaueit 484.

T'imasa V1

521, 5 M. 522. a) 24 cm; 6) 1243 em; B) 432m cm? 523, a) 1042 om;
6) 50m cm®. 524, Her. 525. V5r M. 526. a) 30° 6) 60°. 527. a) 5 mwm;
6) 3 cm. 529. 64 cm. 530. 8 em. 531. 15 am. 532. ?2(6. 533. v S2 —4n2d?,

534. 2J/3dh. 535. 40 cM2. 536. SV2. 537. n® m%. 538. :;l 539. 1,125n kr.
540. 6 cm, 18 cm. 541. 0,821 =~ 2,58 M%. 542. 4S - ctg @. 543. S, = %dz sin @,

e @ niIu S

— 12 1 42 s
8 _Ed s1n(p+§?d sin® 2 o

1 : 1 Ny
= ._d2 -+ — 2 2 -
anx gdsing+ = d® cos 5

2
544, %;- 545. a) 2a% 6) 2ma®;  B) 4na®.  546. 6) % 547. 17 cm.

548, a) 108n cm?% 6) 72m em’; B) 36mem.  549. a) 42 am;  6) 4 am.
550. 25 cm®. 551. a) r’; 6) r’J2; B) 3. 552. 2% 553. 6\/%- M.

554. a) r_\/_4142_—r__2_; 6) r—-———‘zl;—ﬂ 555. a) 200 cm?; 6) %\/6 cm?;

B) %CM? 558. o =216°. 559. 180°. 560. a) 60°; ©6) 2arcsin i;

B) 2 arcsin —(lg 561. 91 cm?, 62 cm. 562 @g—ﬁcwf. 563. 0,97 cm°.
na? cos2 P

564, — 2 565, S, = 80mcm®, S, = 1447 cm®. 566. 2nm? sin @.

2 sin o cos ¢

567. 5cm. 568. a) 8cv; 6) 128 em®. 569, RZ— 2. 570. 60 cm>.
571. 3342r cm?, (33V2 + 65) 7 em?. 572. 2,557 ~ 8,011 xr. 574. a) 10+/21 cm;

2 2
6) 12 mv; ) 16 am; 1) Va? —b2. 575. ‘/4—’*2:’"—. 576. a) (x - 2)° + (y + 4)* +

+@Z-72=9;6) X*+3y°+22=2;8) (x-272+12+22=16. 577. a) (x+2)° +
+(y-2)2+22=54; 6) (x+2)2+(y—2)2+22=8; B) x2 + 1%+ 2% = 35.
578. a) (0; 0; 0), 7; ©6) (3; -2; 0), J2. 579, a) (2; 0; 0), 2; 6) (0; 1; 0), 5;
B) (-1; 0; 0), 2; ) (%, —g; 1], V6. 580. 1600x mvZ. 581, 12 cm. 582. 6 cm.

583. 4 cm. 584. 3 cm. 585. 8 cM. 586. a) IlnmockocTh ABASETCS KacaTe IbHOH

241 Omeemsr 1 praanit



K ctepe; 6), B) ILJIOCKOCTH IepecekaeT chepy; r) ILIOCKOCTL K cepa He MMe-

T ofmmx Tovex. 587. a) 80mcm%;  6) +4cm.  588. a) @R
M/_Rz 589. a) 2V3 7 cuM; 6) 5v2 7 M. 590. nR? sin® ¢. 591. a23 a‘z/—_

592. 1 cm. 593, a) 144rx em? ; 6) 167 o™ ;B) 8n m% r) 48nm cv?. 594. 36 m°.

595. %cm. 597. 10 m. 598. 900m cm®.  599. 4x (% + r,?). 601. f35.
T
2 2
a3 S{+ 83 3, 5 2+3

S2_g2
607. g uwin L. 608. 414rm cm®. 610. -%. 611. ‘[—"R—L 612. arccos ;

-

nab(a+bd)
Ja?+b?
617. a 9"3(J_+3)cm, 6) (18 + 6/41)cm?;  B) g(Jsﬁ+3J§)cM2.
618. 12V10 n am?, 4 (3410 + 5) T am>. 620. a) Yrazauue. JJokasaTs, 4To

nname‘rp cephl paBeH TUIIOTEHy3e TpeyroabEMKa; 6) 2410 cm. 621. a) 30°%;
6) 22, 622. (3; 0; 0), (0; 0; -9), (0; 0; -1). 623. 4J/2. 625. 6) 0,6R.

613. 446 cv’. 614. arcsin 13-. 615. 616. 4043 1 cm’.

144
— T
626. a) 2R\,uﬂ 4R sin (p\’i—‘*ﬂ—"’ 6) 16 7R sin’ (3 — 4 sin® ).

627. 207 cn. 630, i‘—‘/-_:T“:_L*E a) -3-V—3(29 7J73) e

21491 + 873

5 cm?. 634. a) 24R%; 6) 12+/3R2; B) 24/3R 2.

6) (58 + 14/41) cv?; B)

2
635. a) —2 5 . &) 10043 (2+ V3) v, 636. Yxasamue. Pacemor-

(1-sina) tg%

peTh cedemye ZAHHOM MUPAMHJLI IJIOCKOCTBIO, MPOXONAIIeil uepe3 cepefuny

21J“

CTODOHB! OCHOBAHUA IEDPIEHZUKYJASPHO K Heil. 639, a) 8R%; 6)

) 83 345 -1 2J—
3

R2. 640. a, . 641. 43 cm, 6 cM unm 442 cv, 8 cM.
4J33 11 A V2

2nr2 cos2 &
642, 2

t = o
g? 2cos

it

. 643. a) R tg (i‘-+§]; 6) rig (g-%); B) 60°. 644.

645.

| co

: . ro. o °
. 646. a) R sin ¢; 0) sing’ B) 30° mam 150°.
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I'masa VII

647. a) V=V, +V, 6) V=%V1 +V,. 648. a) 1980; 6) 300; B) 1170+/3;

r) 3,2v5. 649. a) 432/2 cn®;  6) 646 M%; ) 0,325 cm®. 650, 12 cm.
_ h3 3 20 _ain2

651. 3,51 xr. 652 240V2 cx®. 653. 720v2 cx®, 654, . SnAVo0s“B -sinTo

sin2 B

655. abv3aZ ~b%. 656. 4323 cm®. 657. a) %Jﬁ m%  6) 172842 evd.

658. 2310 cm®.  659. 2) 754J§ ow’;  6) 1,512,  660. 0,5m’ sin ¢ cos 7.

3 aj . 2 2 o3 3
61, L SmPc0sTB  ggp Q@7Sin2B  guq oy VB o 08 1) 150805
4tgg 2a 4
2
) A—. 664, 3‘/’—“ . 665, 72 cm”. ~— ¢M; B) 2 cM.
tg 22°30° «/—

667. =208 M. 668. ~1513 1. 669. %S,/nQ. 670. ~61 xr. 671. a) 33 : 4m;

6) 2 :m B) 3J§:21‘c; r) 2J2 : m; ) ( n- sm360 ):n. 672. ma?h .
4 cos2a

bf12a2-3b2
673. 0,5. 674. L. 675. I 676. 192V cu’. 677, f’_—“s——.

678. %ms tg . 679. 1050 cm®. 680. abc./—cos 2. 681, V = 1839 cm®.
683. 1080 cM®. Vkasaume. BocmonbpsoBarsca TpeAbiAyinei 3apaveid.

684. a) 6 M%; 6) 4950 cm®. 685. 169v3 cM®. 686. a) —?P sin 2¢ cos ¢;

s (3-46m2
a V sin 2

6) ll3c0s"’0t\3—4 cos®a; B) 13 gin2 B 3-4sin? E 687.
3 3 2 2 . P
24 sin —
2
3
m3 . fcos «
688. a) 4H . 6) . 689. 2 m3cos? ¢ - sin . 690. 6471 cn®,
g2B - O 3
681n§

64498 cm®.  691. %;—‘@cmi 692. LabVa? +b% tgo.  694. 9 cw’.

7\/@(13
192

698. 511 (m3 - n®) tg ¢. 699. 1260 am3. 700. 382 cm®. 701. a) 2,251 cm®;

695. a) EIZ ¢® sin 2¢ tg 6; 6) 48 eM®; B) Eabc. 696. 140043 cv®. 697.

P2_ 2
6) 9 cvM;  B) :_i. 702. 375 cu®.  703. __—“"Q(MQ). 704, L nHS.

705. 2407 cv® mam 100m ev®. 706. 216°. 707. 2275“ am®. 708. 84m mP.
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Sk (e _pe, .2 256 3 N
709, St, lznh[l —h 212] 710. a) 64n cu’, 2P row’; 6) ~3 om,

256

~86n cm?; B) 4 cm, 222 5T cm®. 711. O6bem Bemum B 64 pasa Goasmne oGbema

Jdynel, 712. H = %R, rae H — Bbicora NIMIHHApPa, R — paguyc mapa.

713. Her. 7714, YpoBeHr BOAZEI MOBEICHTCA Ha 32 oM. 715. 242108,

5 125
716. 5: 16. 717. 58 5007 cm® HIN 504 0007 cn®. 718. %%nR3

719. 252ncm® @ T20mem®.  720. 112 500% cu®.  721. 2‘f RS,

722, 6375%1 = 1,28 - 108 km® = 128 . 10°® xm?. 723. 4321 =~ 1357 cM’.
725. /S, S, S,, 36 mm®. 726. 48V11 cv®. 727. a+/Q% -Qa?2.

728. 105 cv®. 729, 16411 cm®. 730. 2. 7381. 1M, 2, V5™, 3 M, 3 M, 3 M.

732, %d:’ sin? (p\/3 cos?@ —sin?¢ nmm gda sin? ¢,/8-4sin?¢. 733. Yka-
saHHue. JocTpOMTL TPEYIroNbHYIO IPU3MY A0 Hapajxeienunena. 734. Ykasa-
H 1 e. Bocnoneaoparecst sagaveir 733. 735. 6,12 om°. YV k as anue. Bocroanao-

3 3
BAThCS 3ajadeii 682. 736. m? 3 737. 16m . 788. ﬁ ““h*3tgie-1)

27 sin2 @ cos ¢ 3tg2¢
739. adn 1 1 . 740. 243 sin ¢ -sin @, - sin (@y + q)z)
24 tg180 tgz% tgzl_s_"iﬁ 3tg? @3
2H3 sina 1 3 . 32 a 25,2 4 _p4.
741. W. 742- -3—a sin (Ptg 9. 743- a) §J4a b —-a _b y
2
6) 2= V4aZ —2b%. 744. 31:73. 745. a) §\/§; 6) ™2, g5 S |28
12 n 4 6 3r’
3
747. ~7065 1. 748 — " 92 49 ——s1n ptg 0. T50. g-
24 sin? (Pl . tg ("2—1
r2+ e+t
751. 967 am3. 752. 2nr— 753. —2—,%— 754. J— tg o ctg3°l V.
1
3
755. Za s1n3octg3 B 756. nR® sin 20 cos o. 757. %
6 6 cos? &
758. T (HZ+r2)2, T _(HZ?+r2)p, 759, — 4% om? 47 ond,
H? 6 H3 sin? 2a 3 sin3 20

760, 1007 _ o2 _B00M .3 761. 6,56 M. 762. HauGoabmuii o6beM AMe-
sin? 2B 3 sin3 2P

eT Hiap, HauMeHbHIN# 060peM UMeeT Konyc. 763. a) Her; 6) ga. Yxazauwue.
CpaBHHTEH IJIOTHOCTH LIapa, CUNUTAA €I'C OFHOPOAHEIM, C IJIOTHOCTHIO BOZKI.
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3a,uaqn AJA TIOBTOPEHU A

764. a) 9+/3 cm?; B) arctg 0,5; r) arctg —‘/ZZ; 1) 6 cv; e) 278 e, 765. a) 727 ev?;

6)144+/3 cne®; B) arctg +/6; 1) 60°; 1) 72; e) 192n cm?. 766. a) 64/3(2 + V13)em?;
6) 12+/3 cm®; B) arcsin 0,6; r) arctg 1,5; 1) 12; e) (12 — 6+/3) cm. 767. a) 32/7 e}

6) 1283f ‘/— ¥6. 1) 48; o) i oM.

em®; B) arctg J6; r) 2 arctg —

3ajaun TIOBBIIIEHHOH TPYIHOCTH

768. 3(1 +2v2) cm®. 769. Yxasauue. JlonyeTHm, 4ro BeplIXHA TeTpasapa
TIPOEKTHPYETCH B TOUKY TepeceueHHs BhIcOT ocHOoBamusa. Toraa xioboe peGpo
TeTpasipa NEPIEHANKYJIAPHO K MPOTHBOIOJOKHOMY Pebpy. 3aTeM IPUMMEHHUTH
0oGpaTHYIO TEOPEMY O TPexX NepImeHAUKyaAsApax. 770. ¥ kasaH ue, YuecTs, UTO
O, — ToyKa mepecedyeHus BeICOT TpeyronsHuka ABC. 771. Ykasauue. Boc-
moJib30BaThea Gopmysoil ofsema TeTpasapa. 772. CeMmb. 773. YKas3aHwme.
Yepes 6uccekTpucy JauHeHHOr0 yrjaa [aHHOTO JABYTDAHHOTO yIVIa M ero
pe6po NPOBECTH IJOCKOCTh H CIOIPOEKTHPOBATH TOUKY NepecedeHUsA TAaHHOH
npAMOH € 3TOH HJIOCKOCTHIO HA I'PaHHU. 3aTeM BOCHOJIL30BATHCSA PABEHCTBOM
NMOJNYYEeHHEIX TPEYrOJbHHUKOB. 775. YKasaHwue. Ilycte A — npousBosnbHas
BepmuHa, O — ImeHTpP Kyba, A; — IPOEKIHUs TOYKHA A Ha JAHHYIO NPAMYIO.
Torga AA; = OA - sin ¢, rae @ — yron mexny OA u OA,. 3anucaTb cymMmy
KBAJpaTOB paccToAHu# or mpamoii OA, 10 BepIIMH Kyba M BOCIIOJBL3OBATHCH
TeopeMol KOCHMHYCOB. 776. YKaszaHue. YKasaHHbIE TeTpasAphl HMeOT 00-
HUIYI0 BEPINNHY, 4 KX OCHOBAHUA — DPAaBHOGEJDEHHEIE NIPAMOYIOJIBHEIE TPEYyro-
JIBHAKHW, KaTeThl KOTOPHIX paBHLI pedbpy Kyba. 777. ¥ K a 3 a u m e. PaccMoTpeTh
pasBepTKy Kyb6a. 778 Yxazanue. Baare B KauecTBe OCH OTBEPCTHSA JUATO-

HaJNb Kyba. 779. =2 S 780. V2 cM. YK asaHue. Bocmoss3oBaTees TeM, 4TO

TEeTpasap L[OJI?KeH HaXOIUTbCA BHYTPU ctdepbl, OMUCAaHHOH OKOJIO Kyoda.
781. Yrasauue. Jlokazarb, YTO BCe BEPIIMHEI IIOJYYEHHOr0 MHOTOTDAHHH-
Ka — cepeJuHLI rpaHel kyba. 782. Y xkasauwme. B3ate Kakywo-HHGYIb rpaHb
napaanejenuneza, BuIOpars HAMMEHBIINH Ky0, IPHMBIKAOIUH K 3TOH rpanu,
¥ BBIACHUTE, KAK K HEMY MOTryT ObITh IPHCTABJIEHBI OCTAJbHEIE KYOHI.
783. Yrkaszauue. CIpoeKTHPOBATE BepIINHEI JOMAaHOI Ha TpHU pebpa Kyba ¢
obmell BepIINHON ¥ BOCHOJB3OBATHCA COOTHOINEHHIMH MEXAY CTOPOHAMH
TpeyroJbHuKa. 784. Y xasauue. CHauama OOKasaTh, uTo 0o0'beM TeTpasipa
He U3MEeHUTCH, ec/iu oTpe3oKk AB HenogBu:keH, a orpesoxk CD mepememiaercs.
785. Yrkasauue. Bocumonbsosarbcsa cumMmmerpueii. 786, Yxasaume. Boc-

NONL30BAThCA cuMMerpumeii. T787. \/g a, arccos E 788. arccos \/g

789. VKa3zaHue. BeipasuTh BeKTOPHI, 3a7ai01lie THATOHANHU, UYepe3 BEKTO-
pHI, 3ajatomue pedbpa. 790. ¥V kaszasue. PaccMoTpeTs BEeKTODEI, ONIpeAeJd0-
e HAIpAaBJeHUA IAaJAoNlero M oTpa)KeHHoro Jydeid. 791. JIBa pelreRus:
45° 1 1356°. 792. Yrasaumne. Ucxoasa U3 ycIOBUSA 3aJ]a4H, 3a0MCATh COOTHO-
eHud AJa BEKTOPOB, 3ajaolux Tpu pebGpa TerTpasapa ¢ OOGI[MM KOHIIOM.
793. Ykasaumne. PaccMorpers BeKTOp, 00pasyoOIuil pasHble YIJIH ¢ GOKO-
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BHIME peGpaMu, M AOKAa3aTh, UTO OH NEPINEeHAMKYJSIPEH K BEKTODPaM, 3aAalo-
muM aBa pebpa ocHoBanua. 794. Yxasauue, Ilycre O, — npoexknua O
— — —_— — —>
Ha mrockocte ABC. Hoxkasats, 4ro O, A-BC = BO, - AC=C0O, - AB =0.
795. Ykasanune. [lokazaTs, UYTO 9Ta BeJIMINHA PABHA KB&JApATy AuaMeTpa
mapa. 796. Jlyra okpy:®HOCTH, PacIOJOKEHHAs BHYTpPH IIapa, JHAMETp KO-
TOpO#l paBeH DACCTOAHMIO OT IEHTpPA IIapa XO AaHHON OpPAMOi, a IJoc-
KOCTHh OKPYHOCTH NEPHEHANKYJADHaA K AaHHOH npamoi. 797. Cdepa,

HEeHTP KOTOPOil COBIIafaeT ¢ IeHTPOM AaHHON chepbl, a paguyc paBeH 76R,
"re

( r1+\/g)2’

3 2V3(A-1)-,OA2 184 +12
MeHbIIler0 u3 1mapos. 800. r=—3R. 801. ( ) J i R
3 3 (A-2)
73

3 = 1y ly 1l 5 _
npn A#2 n o R opu A = 2. 802. 12V,4V,4Vn12V, rae V — obbeMm

rge R — paguyc naHHOM chepsl. 799. ry > rge rg — pamuyc

npraMel, 803, Vrazanue, JOCTPOUTE TETPA3AP OO TPEYyro/dabioil MPHU3MEL U
BOCIIOJIB30BaThCA 3amaveil 733. 804. Ykaszaumue. IlokazaTh, 4TO MOJYyUYEH-
Hble TeTpa3jphl HMeEIT o0llee OCHOBaHWe H paBHBIe BwIcOTHI. 805. 5 : 3.
806. Yxasauue. Bsas 3a ocmoBanme KaKkywo-HMOYAbL rpaHb ¢ pebGpom AB,

3aMEeTUTh, UTO HHU €€ ILI0IIaJdb, HU BLICOTA TeTpasipa He 3aBUCAT OT IIOJIOXKe-

Husa touek C u D. 807, 25—4 em®. Vxasauwme. BocmonsszosaTnes 3ajfaueit

803. 808. YkaszaHue. B3ATs TOUKy A BHYTPA cedyeHHA U pPasbuUTh

MHOTOTPDaHHUK Ha NOMpaMHIH ¢ o0mieil BepmuHoit A. 809. % cevd. Vra-

saHue. PaccMorpers ceueHue GUrypsl IJIOCKOCTAMH, HapajijeabHBIMHU

COos O

3
ocaM OuUImEApPoB. 810. 2 arcsin % 812. X |3ctg2 % -

813 i
4f —
12 2 . Ty’

2
sin“ —

2
814. YrasaHue. PaccMoTpeTs NIOCKOCTH, B KOTOPOH JIe/KAT BEPIIMHA TET-

pasapa u OpsaMasi JfJepa MPOTHBOIONOMHON rpanu (cM. 1. 94). 815. VK a-
3aHHe. PaccMoTpeTh neHTpansHoe nogobue ¢ neHTpom G (cM. 3agauy 814)

¥ K03} PpHUIIHeHTOM ~g a Tak’Ke MeHTPaAJbHOe Iofobue ¢ neaTpom H B Ko3d-

¢dbHrIueHTOM %

T'nasa VIII

817. Yrxaszarmue. Vcmoar3oBaTh OOIIVIO KacaTeJbHYI0O K OKPYKHOCTAM
B Touke M. 818. YKasanmue. CHauanma JokasaTb, uto AABC ~ ABAD.
820. Yrasauue. BocrnoaszoBaTecsa Teopemoit 2 usz m. 86. 821. Ykasza-
Hue. PaccMoTpeTs ABa cayvas: TOYKa Il€epecevyeHUs NIPSAMBIX JIEKUT BHYTPH
KPyra K BHe KPyra H BOCIIOJb30BaTheA TeopeMaMi 1 1 2 ua . 86. 822, Vka-
sanue, Cuavana gokasats, uto LZNMK = ZMKN. 823, Yxaszauune. CHa-
Yajga JOKasaTb, uTo LAMN = LANM. 825. YVrasaHue. PaccMorpers JBa
cnydasi: npaMag AE — cexymasn u npamasi AE — KacaTeJIbHAA K OKPYIKHOCTH.
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826. Yxasanue. Bocuonb30BaTECA NIPH3HAKOM BIHCAHHOIO Ue€THIPEXYIOJb-
unka. 827. Ykasauue. Ilycts ABCD — papHEIN yeThIpexyroasHuk. IIpo-
BecTn AuaMerp BB, u cHavaxa JoKa3aTh, 4To AB;, = CD. 828. YxazaHue.
Yepes TOYKY nepecedeHNsa YKASAHHBIX GHCCEKTPHC IPOBECTH NPAMYI0, Hapal-
JenbHyio AB ¥ nepeceraromyoo npameie AD u BC B Tourkax E u F, u noka-
3ark, uto EF = CD. 829. YxasaHue. B uersipexyronbanke ABCD ua nuaro-
nHanu AC orMeruTh Takyi Touky K, uro LZABK = Z/CBD, u aanee ucCHonab3o-
BaTE mogobue TpeyroabHNKoB ABK u DBC, BCK u ABD. 830. Yxazauue,
Haiitn cymmy yraos C u K uyerwipexyroasuuka CDKE. 831. Ykazaumue.
BripasuTs yroj MemIy YKa3aHHBIMH OMCCeKTpHCaMM dUepe3 ABa IIPOTHBOIIO-
JIOJKHBIX yTrJja yeThipexyroiabHuxa. 833. ¥ Kk asauue. Ilyers ocHOBaHUA Tpa-
nmennu paBabl a B b. CHavajsa JOKasaTh, YTO PaJUuyCc BONHCAHHOH OKPYXKHOCTH
2
paBeH at:-bb' 834. Wm. 835. Yrasauue. BocrronssoBareca pa-
BEHCTBOM OTPE3KOB KACATEIBHBIX K OKPYKHOCTH, HPOBeJIEHHBIX M3 OLHOI Tou-
K¥, & TaK/Ke PABEHCTBOM OTPE3KOB BHELIHMX KACATEJABHBIX K ABYM OKPYIKHO-
craM. 836. YV xa3zauue. Bocomoss3oraTecss TeopeMoii 0 6McceKTpHCE TPeyro-
asHuKa (. 91). 837. VYkasanme. Bocmoins3oBaThCA TeM, UYTO OTHOIIEHHE
naougasieit rpeyronsHuKoB A BD u ACD paBHO, ¢ OZHON CTOPOHBI, OTHOINIEHAID
oTpe3koB BD u CD, a ¢ Apyroil CTOPOHBI, OTHOLIEHHIO BEICOT, IPOBEAEHHBIX U3

b+ + +b
BepuinH B u C. 838. a) A0 _ ¢ BO _¢*a Co =ac .YKazaHue,

04, a ' OB b '0OC,
AO
0A,
(rouka D nexxnr Ha cropoHe AC), M Jajiee HCIOJb3OBATH IOA00HE MMOJYUHUB-
IIUXCA TPEeYroJLHUKOB M TeOpeMy o0 OHCCeKTpHuce TpeyroiabHuka (m. 91).
B) Her. Ykaszauue. B oyukrax 6), B), I') NCIIOJAB30BATh (GOPMYJIBI IYHKTA a).
839. Yrkasaume. BocuoapsoBateca dopmyioi (6) m3 m. 92. 840. Ykasa-
Hue. [lycts npamasa BM nepecexaer cropouny AC B Touke D. Bocroab3oBaTh-
csi TeM, yTO TpeyroabHUKH AMD u CMD umeior ofmyio BeicoTy. 841. 3 : 4.
Yraszaunwme. JocTpouTh JOAHHEH TPeYroJbHHK A0 IIapaJierorpaMmma.
842. 16—5@

Jna HaxoRJeHNA OTHOMEHNA

IpOBecTH 0Tpes3ok A,D, napamnensuelit BB,

cm?. 843. 72 cm?. Yrasauue. Bocoorb3oBaThes pPe3yIbTATOM

sanaynm 841. 844. Ykasanmume. Ilycts Touka L Jexur Ha cTopoHe AB,
M — na cropone AC, O — TouKa mepecedyenns Guccexrpuc TpeyronbHuka ABC,

s 2r?-sin ZLOM .
OL = OM = r. BocIronb30BaThCsA PABEHCTBOM —=2M = = L

S asc —;—AB-AC-sinA AB- AC

S pmon u S oL
S 4Bc S amc
(5) u (6) n3 . 92, 845. 6) Yrasauwue. BocnoawazoBarbca dopmMyaoi us
MYHKTA &), a Taxkke dopmynoii (5) n3 m. 92, 846. Y razaHue. IIpofomkuTs
cTopoHEl b M d [0 mnepeceyeHUE M BOCIOJIb3OBATHCH DPE3YJIbTATOM 3aja-
yu 845 a). Ecan xe cTopoHsl b n d napajJsieasHLEI, TO BOCHOJIB30BaTLCH (hop-
myaoi naomaau tpanennu. 847. Ykasanve. a) BocroabsoBarecHa TeM, 4TO
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S =8,5c + 8S,4pc; 6) Bocnonb3oBaTeca hopMysnoi ua o. a). 848. YkasaHHe.
a) Bocnonb3oBaThCs pe3yAbTATOM 3ajauM 847 a) U CBOMCTBOM CTOPOH OIH-
CAaHHOI'O YETHIPEeXYroJbHUKA (. 89); 6) BOCNOAB30BATHCA GOPMYIION U3 HYHK-
ta a). 849. Yxazsadue. CHauana BrIpasuTte oTpesku BD, BH, DM un BK
depe3 CTOPOHE Tpeyronpuuxka ABC. 851. Y xaszaHue. BocnoarzosaTecs Te-
opeMoil 0 GucceKTpHCe TpeyroJbHuKa (1. 91), pesyasrarom 3agauu 837 u Teo-
pemoii Menenasa. 852. Ykasaxnue. BocnonnsoBareca pesyibTaToM 3ajavd
837 u Teopemoit Menenas. 853. YxaszaHue. BocmonesoBarbesa TeopeMoii
Meneaan. 854. Yrkasamne. JBaxasl ncnonsb3yd Teopemy MeHesas, XOKa-
3aTh, YTO IPAMASK, IPOXOAANIAA Uepe3 TOUKY NepecedeHus JUAaroHaeil Tpame-
IUY U TOYKY IEPECEeYeHHA HPOAGIKeHHHA OOKOBBIX CTOPOH, IPOXOLHUT 4epes
cepeauHbl ocHOBaHUA. 855. ¥V kK a3 auwue. BocmoasszoBarecss Teopemoil MeHe-
Jag NIPUMEHHTeAbHO K TpeyroabHukaM ABC u ADC. 856. Yxasaunue. Boc-
HOJb30BATHCHA CBOMCTBOM CTOPOH ONKMCAHHOIO YeTHIpeXYroabHuKa (m. 89)
U pesynbTaToM sagaum 855 a), 857. Vrasamme. BocnosbsoBarbca TeopeMO
Meresass IDUMEHNTENBEO K TpeyroabHuky 00,0,. 858. YV kasanue. Bocno-
JBb30BaThcA Teopemoii Menenasd. 859. ¥V kx asaune. Bocnose3dosaTeca Teope-
Mol Yenrl. 860. ¥ xaszanue. Bocnoan3oBarecsa Teopemoii Hernl. 861, V K a-
sanune. Ilycts ayu CT nepecexaer ctopory AB B Touke C;, a sayy CO nepece-
Kaer cropory AB B Touke C,. Mcnonssysn Teopemy YeBHl, qoKas3aTb, 4TO TOU-
ku C; u C, nenat oTpe3ok AB B OZHOM M TOM 2Ke OTHOIIEHHH ¥, CIEA0BATEIb-
HO, COBII&JIAIOT. 862. YrKazaHue,. a) Craugajna IOKAa3aTh, uTo
sin ZACC; sin ZBAA, sinZCBB, _ AC, BA; CB,
sin ZC,CB sin<A;AC sinZB;BA C,B A,C BjA
ca teopemoii YeBrl. 6) 3azmaua pemaewc;_ ananomq\r/{g 3afaye M3 MYHKTA a).
92 92

2
863. a) % +y?=1; 6) ?—g; B) X = g mx=T 864. Ilepecekarorca

, 4 3aTeM BOCIIOJIB30BATL-

B Toukax (0; -2) n (%, %) 865. a) IlepecexaloTca B ueTHIpex TOYKaX:

(-2; —s/§), (-2; J§), (2; —\/§), (2; J_), 6) xKacarrcs B Toqfce (4; 0), mepeceka-

lo'rcas'roqrcax(%;—%/—g—)n(; 4‘/—) 866. a) x2—~——1 6) 2; B) .7c=—l

nx= l. 867. IlepeceraoTcA B UeTHIPEX TOUKAX: (—«./6 HE 2 ) ( 2\/_ J

\/

(J_ 2\/_ ] ( ) 868. DKCIEHTDUCHTET PaBeH +/ 2, yPABHEHHS AUPEKTPHC:

Y+x-v2k=0ny+x++2k=0. YxazaHue. Bocmoss30BaTECH 3aMEYAHH -
d4ac-b2-1

em 3 n. 98. 869. YparHeHHe IUDEKTPHUCH Y = 1a
p dac-b2+1 .
ca|—gms ———| Yxasaune, CHauaTa cleNaTh TapaileNbHbIN TepeHOC

s KOOpDIMHATH (QOKY-

oceif KOODAMHAT TaK, YTOOB HAYAJIO KOOPIUHAT COBIAJNO C BePIINMHON napaGoJiEr.
870. Ilpu R =% kxacarorca B Touke (0; 0), npu R > % kacaworess B Touke (0; 0)

U nepecekalorca B Toukax (—-v2R-1;2R-1) u (W2R-1; 2R-1).
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IIpenmeTHBIM yKa3aTeab

Abcuucca rouku 102

AKCHOMEI cTepeomeTpuy 4
Anodema npasuabLHOE mApamMuasl 70
— — ycedeHHOH nupamujbl 71
Annankara touku 103

BokoBas rpaHb napajiejenunena 25
— — nupaMuge 69

— — npuamu 64

— - yceueHHOH mupammasl 71

— IOBEPXHOCTH KOHyca 135

— — ycedeHHOTO Komyca 137

— — puamHipa 131

BoxroBrle pe6pa apannenenunena 25
— — nupamugel 69

— — nupuaMnl 64

— -—— ycedueHHON mupaMuabl 71
Boabmoii kpyr mwapa 142

BekTop 84

— exmHnuHbIi 103

— uynesoit 84

— TOPOTHBOMNOJOXHEIA AaHHoMmy 87
Bepuinna xoHyca 135

— KOHHYECKO# mnoBepxHocTH 135
— nupamupgnl 62

Bepmuabl MHOrorpasHuka 60
B3auMHEOe pacliojio)KeHFe chepsl H
maockocT 141

— — — u opamoit 144
BHyTpenusas Touxka ¢Gurypu 61
Bricora Komyca 135

— napaMuisl 69

— mupusMme 64

— yce4YeHHOTO KoHyca 137

— ycedyeHHOH nupaMuAbl 71

— nuuumHzpa 131

— mapoBoro cermesrta 175

— — cmoa 175

Briuuciedue EJIHHEI BEKTOPA IO €T0
koopauHaramM 106

— KOODAMHAT CePeAHHBl OTpe3-
xa 106

— 00BeMOB TeJ ¢ IOMOIIBIO OIIpe-
AeJleHHOT'O HHTerpajga 165

— PACCTOSIHUSI MeKAY ABYMS TOY-
xamu 107

— YLJIOB MeXAY NPAMBIMH M ILIOC-
xocramu 113

BrlunTaHHe BEKTOPOB 88
T'eomerpuyecroe Temo 61
Tunepbona 214

I'paxycHas Mepa ABYTPaHHOTO yria 48
I'pannna reoMeTprdeckoil puryper 61
I'pannuyHaag TouKa Qurypsl 61
I'pasb gByrpaHHOro yrna 47

— MHoOrorpasHuka 60

Oemxenns 121

HOsyrpaunuiit yroan 47

Huaronans mMHOrorpaHauka 60

— mapajnejienunega 25

Huamerp ciepsl (mapa) 141
Hanaa BexkTopa 84

Homexaszp npaBUNbHBIA 78
Exaunuma usmepernsa o6bemos 157
HsMepeHUA NPAMOYTOJBHOIO Iapa-
aenenunexa 50

Hzobpaskenune miockux ¢uryp 222
Hso6paskeHne  IPOCTPAHCTBEHHBIX
buryp 224

HUkocasap upasunpaeiii 77
Kacarensnas k chepe 145

— IUIOCKOCTs K chepe 143
KonnnueapHocTs BeKTopoB 84
KoMniraHapHOCTh BeKTopos 92
Konuueckass moBepxHocTs 135
Kounveckue ceuenua 150

Konyc 135

Koopaunarusie BekTopn 103

— maockocta 102

KoopauaaTtsl BekTopa 103

— Toukm 102

Ky6 51, 78

Kybuueckuii MeTp, MHJLIMMETD, CaH-
tuMeTp 157

JIuneiinbIi yros AByrpaHHOro yria 48
Muororpaunux 60

— BHOHcaHHHIH B chepy 155

— BBINYKJIBIH (HeBBIMYKJIBIH) 60
— ONUCAHHBIA OKOJO chephr 144,
155

— IpaBUABHEIN T6
Msororpauusiit yron 52
Haxnonnas, npoBefeHHad U3 TOUKY
K mirockocta 40

Hanoxenue onryp 227
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